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CHUONG 1

CAC UNG DUNG CUA PHEP TiNH VI PHAN
TRONG HINH HOC

§1. CAC UNG DUNG CUA PHEP TINH VI PHAN TRONG
HINH HOC PHANG

1.1 Pudng cong trong mit phang R2

0 chuong trinh hoc phé thong, ching ta da 1am quen véi khéi niém duong cong cho béi
phuong trinh y = f(x), chang han nhu duong parabol y = x2, dudng cong bac ba y = x°.
Tuy nhién, khéng phai ldc nao cling "may man" biéu dién mot dudng cong dude dudi dang
y = f(x), vi c6 thé véi mét gia tri x = xp, Ging v6i né c6 hai hodc nhiéu hon gia tri y tuong
tng. Ching han nhu, tudng tudng rang c6 mét hat chuyén dong doc theo dudng cong C
nhu hinh vé duéi day. Pudng cong C nay khong thé biéu dién duge dudi dang y = f(x).

G
— '-
- _//-_.1.'_}1 = (i), gln))
=

. ___.,_f

e et

\
el
=

o

Tuy nhién, cac toa do x va y cua hat nay 1a mot ham s6 phu thudc thoi gian ¢. Chinh vi vay
sé 1a thuan 1¢i néu ta biéu dién duong cong C duéi dang x = f(t),y = g(t). Pay chinh la
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6 Chuong 1. Cdc ung dung cua phép tinh vi phdn trong hinh hoc

phuong trinh dudng cong cho duéi dang tham sé da dudc giéi thiéu 6 hoc phan Giai tich I.

Vi du 1.1 Pudng Cycloid). Gis sif cd mot banh xe hinh tron va cé dinh mét diém P trén
banh xe do. Cho banh xe do lin khéng truot trén mét duong thang. Quy tich diém P do
duoc goi Ia duong Cycloid. Hay viét phuong trinh tham sé cia dudng cong nay.

X 40 27a

[Loi gigi] Gig sit banh xe co ban kinh r va diém xuét phdt cia P la goc toa do, dong
thoi cho banh xe Iin khéng truot trén truc Ox. Goi 6 1a goc quay ciia banh xe (® = 0 néu P
d goc toa dé). Khi do, vi banh xe Iin khéng truot, nén

OT = do dai cung PT = r6.
Do do,
x = |OT| — |PQ| =10 —rsin® = r(6 — sin0)
y=|TC|—|QC| =r—rcos® = r(1 —cos®).

4 C(ré. r)
-~

.

Mot s6 diéu tha vi vé dudng Cycloid.

e Mot trong nhitng ngudi dau tién nghién ciu dudng cong Cycloid 1a Galileo. Ong dé
xult rang cac cay cau nén dudc xay theo dudng cong Cycloid va ciing 14 ngudi di tim
dién tich cia mién nam phia duéi mét cung Cycloid.

6



1. Cdc ting dung ctia phép tinh vi phdn trong hinh hoc phang 7

¢ Puong cong Cycloid nay vé sau xuat hién trong bai toan "Brachistochrone" sau. Cho
hai diém A va B sao cho diém A cao hon diém B. Hay tim duong cong ndi A véi B
sao cho khi ta tha mot vién bi ti A, vién bi chay theo duong cong d6 (duéi tac dung
cta luc hip din) ti A dén B véi thoi gian ngin nhit. Nha toan hoc ngusi Thuy Si,
John Bernoulli da chi ra rang, trong s6 tat ca cac dudng cong ndi A véi B thi vién bi
sé mat it thoi gian nhat d€ 1an tit A dén B néu né di theo duong Cycloid.

cycloid

':'=-.:_.H

e Nha vat 1y ngusi Ha Lan, Huyghens, cling da chi ra rang dudng cong Cycloid 1a 15
giai cho bai toan "Tautochrone" sau. Cho du dat vién bi 6 dau trén cung Cycloid
ngudc thi né ciing mat mét khoang thoi gian nhu nhau d€ lin vé déy. Piéu nay dudce
tng dung khi 6ng phat minh ra ddng hd qua lic. Ong dé xuit rang qua lic nén dugdc
13c theo cung Cycloid, béi vi khi d6 con lic sé mat mot khoang thoi gian nhu nhau
dé hoan thanh mét chu ki dao dong, cho du1 14 né 1ac theo mot cung dai hay 1a ngan.

“p

‘u
o

1. Piém chinh quy.

e Cho dudng cong (L) xdc dinh béi phudng trinh f (x,y) = 0. Diém M (xo, o)
dudc goi 1a diém chinh quy cia dudng cong (L) néu ton tai cdc dao ham riéng
fx (M), f, (M) khéng déng thoi béng 0.

x =x(t)

y=y(t).
Diém M (x (ty),y (tp)) dudc goi 1a diém chinh quy ctia dudng cong (L) néu ton

e Cho dudng cong (L) xac dinh béi phuong trinh tham sb

tai cac dao ham x’ (ty),y’ (to) khong dong thdi bang 0.

7



Chuong 1. Cdc ung dung cua phép tinh vi phdn trong hinh hoc

e Mot diém khong phai 1a diém chinh quy dudc goi 1a diém ki di.
2. Phuong trinh tiép tuyén va phap tuyén cta duong cong.
e Chung ta biét rang hé sb géc k cta tiép tuyén ctia dudng cong C tai diém M

chinh 1a v, (M). Do dé, néu dudng cong cho béi phuong trinh f(x,y) = 0 thi né
xéac dinh mot ham 4n y = y(x) va dao ham ctia né tinh theo cong thic

!/
k:y;:—%.

Vay
- Phuong trinh tiép tuyén tai M la

o pwy,

& fe (M) (x = x0) + f, (M) . (y — y0) = 0.

- Phuong trinh phap tuyén tai M 1a

(@) : T2 - TN
fx (M) fy, (M)
Chu y: Truong hop dac biét, dusng cong cho béi phuong trinh y = f(x)
thi phuong trinh tiép tuyén ctia dudng cong tai diém M/ x, Yo) chinh quy la
v —1o = f'(x0)(x — xq). Pay la cong thitc ma hoc sinh da biét trong chuong
trinh phé théng.

x = x(t)

e Néu dudng cong (C) cho béi phuong trinh tham sb { 0
y=ylt

Yodx o odx/dt xp

Do do,
— Phuong trinh tiép tuyén tai diém M (x (to),y (to)) chinh quy:

y'(to) x—x(t) _y—y(t)
x'(to) ' (to) y'(to)

N6i cach khéc, véc to tiép tuyén clia dudng cong C tai diém M (x (ty),y (to))
lasi = (X/(to),y/(to)).
- Phuong trinh phap tuyén tai M:

(d) = %' (to) . (x = x(to)) +¥' (to) - (y —y (to)) = 0.

8
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1. Cdc ting dung ctia phép tinh vi phdn trong hinh hoc phang 9

1.2 Do cong cua duong cong.
1. Pinh nghia.
2. Céc cong thic tinh d6 cong ctia dudng cong tai mot diém.

e Néu duong cong cho béi phuong trinh y = f (x) thi:

C (M) — |y”|
(1+y2)"
P < = x (¢
e Neu dudng cong cho béi phuong trinh tham so x=x(t) thi:
y=y(t)
/ y/
x// y//
C(M) = —(xlz n y’2)3/2

e Néu dudng cong cho béi phuong trinh trong toa do cuc r = r (¢) thi:

|2 4 2r"2 — 1|

C(M) = (72 1 12y

1.3 Hinh bao cua ho duong cong phu thudéc mot tham
s6
1. Pinh nghia:

Pinh nghia 1.1. Cho ho dudng cong (L) phu thudc vao mét hay nhiéu tham sé. Néu
moi dudng cong trong ho (L) déu tiép xiic vdi dudng cong (E) tai mét diém nao do
trén E va nguoc lai, tai méi diém thuéc (E) déu ton tai mét duong cong ciia ho (L)
tiép xiic voi (E) tai diém do thi (E) duoc goi la hinh bao ciia ho duong cong (L).

2. Quy téc tim hinh bao ctia ho dudng cong phu thudc mét tham sb.

Pinh 1y 1.1. Cho ho dudng cong F (x,y,c) = 0 phu thuéc mét tham sé c. Néu ho
duong cong trén khéng co diém ki di thi hinh bao cia nd dude xdc dinh bang cdch
khir c tir hé phuong trinh

, (1.2)
F.(x,y,¢) =0

{F(x,y,c) =0

9



10 Chuong 1. Cdc ung dung cua phép tinh vi phdn trong hinh hoc

3. Néu ho dudng cong da cho c6 diém ki di thi hé phuong trinh (1.2) bao gom hinh bao
(E) va quy tich cac diém ki di thudc ho cac dudng cong da cho.

Bai tap 1.1. Viét phuong trinh tiép tuyén va phap tuyén véi duong cong:
a) y = x>+ 2x%* — 4x — 3 tai (-2,5).
_. ... | Phuong trinh tiép tuyén y=>5
Loi giai. ) n
Phuong trinh phap tuyén x = —2

b) y = el‘xztai giao diém cua duong cong véi duong thangy =1 .
y y

Phuong trinh tiép tuyén 2x —y +3 =0
Loigigi. - Tai M; (—1,1), g priyensr—y
Phuong trinh phap tuyen x +2y —1 =0

Phuong trinh tiép tuyén 2x +y —3 =0
~ Tai My (—1,1), 8 priyen sty .
Phuong trinh phap tuyéen x — 2y +1 =0

—_

x = Lt
c. s tai A(2,2).

_ 1
y 243 + 2F
Loi gigi. - Phuong trinh tiép tuyén y = x.
— Phuong trinh phép tuyén x +y — 4 = 0. n

d. x3 +y% =5 tai M(8,1).

Loi gidgi. - Phuong trinh tiép tuyén x + 2y —10=0.
— Phuong trinh phép tuyén 2x — y — 15 = 0. u

Bai tap 1.2. Tinh d¢ cong cta:
a. y = —x° tai diém c6 hoanh d6 x = 3.
Léi gidi.

A R
C(M)-W—...—le .

b, { ¥ =S 0 0) tai diém bat ki.
y=a(l—cost)

10



1. Cdc ung dung ciia phép tinh vi phdn trong hinh hoc phang 11
Loi giai.
x/ y/
x// /! 1 1
cmy =2 L~ -
(x'2 +y'2) 2av/2 /1 — cost -
c. x3 +y% = 45 tai diém bat ki (a >0).
2 = 3t
Loi giai. Phuong trinh tham so: { r=a C.OS?, , Nén
y=asin’t
x/ yl
x// y// 1
C(M)=——=..=7————
(M) (22 + y2)%/2 3a |sin f cos t| -
d. r = ae’?, (a,b > 0)
Loi gidi.
C (M) = P2 +2r2 — | 1
(r2 4 r2)3/2 aebP+/1 + b2 =

Bai tap 1.3. Tim hinh bao ctia ho dudng cong sau:
a.y=2%+c?
b. cx? +c?y =1

c. y=c2(x—c)

Loigidgi. a. PatF(x,y,c):=y—*—c*=0.
Piéu kién: ¢ # 0.

F/ 'Y =0 F/ LY, =
Xét hé phuong trinh: { PJ’C E;C y,c) . o { 1x_(x0y c)=0
y (x,y,0) = =0.

Hé phuong trinh vo6 nghiém nén ho dudng cong khong cé diém ki di. Ta cé

F(x,y,c) =0 - y—2—c2=0 - x=2c2
F/(x,y,¢) =0 —2c+5=0 y =3¢

nén (%)2 - (%)3 = 0. Do diéu kién ¢ # 0 nén x,y # 0. Vay ta c6 hinh bao ctia ho

dudng cong 1a dudng (%)2 — (%)3 =0 trit diém O (0,0).

11



12

Chuong 1. Cdc ung dung cua phép tinh vi phdn trong hinh hoc

b. Pat F(x,y,c) := cx?> 4+ c?y — 1 = 0. Néu ¢ = 0 thi khong thoid man phuong trinh da

cho nén diéu kién: ¢ # 0.
Fl (x,y,c) =0 2cx = R
Xét hé phuong trinh: ’f(x y:€) & Zcx 0 < x = ¢ = 0, nhung diém ki
F, (x,y,¢) =0 cc=0
di d6 khong thudc ho dusng cong da cho nén ho dudng cong da cho khéng cé diém ki

di. Ta ¢6
F v =0 2 2 =1 :g
/(xyc) - ca2c+cy ol 3
Fl(x,y,c) =0 x“+2cx =0

Do d6 x,y # 0 va ta c6 hinh bao ctia ho dudng cong la dudngy = — %4 tri diém O(0,0).

. Dat F (x,y,c) := c? (x—c)z—y = 0.

F/ 1Y - 0 F, —
Xét hé phuong trinh: x (%,9,€) & { x =0

F, (x,y,¢) =0 —-1=0.
Hé phuong trinh vo6 nghiém nén ho dudng cong da cho khéng c6 diém ki di. Ta c6

{F(x,y,c):O @{cz(x—c)z—y:0 (1)

F!(x,y,c) =0 2c(x—c)—2c2(x—¢c)=0. (2)

c=0
(2) & | c=x ,thévao (1) tadudcy =0,y = %.
c=3 4
Vay hinh bao ctia ho duong conglay =0,y = . [

12



2. Cdc ung dung cua phép tinh vi phdn trong hinh hoc khéng gian 13

§2. CAC UNG DUNG CUA PHEP TINH VI PHAN TRONG
HINH HOC KHONG GIAN

2.1 Ham vécto
Gia st [ 1a mot khoang trong R.

e Anhxal 5 R trsr (t) € R" dudc goi 1a ham vécto caa bién s6 t xac dinh trén R.
Néu n = 3, ta viét . R R
rB=x(). T +y().T +2(1).%.
bat M (x (tL% (t),z(t)), quy tich M khi t bién thién trong I dugdc goi 1a téc do cta
r(t).

ham vécto

e Gidi han: Nguoi ta néi ham vécto c6 gidi han la 7 khit — to néu

lim’m—7‘ =6>,

t—to

ki hiéu lim r@ =7,

i’%to

e Lién tuc: Ham vécto r@ xéc dinh trén I dude goi 14 lién tuc tai ty € I néu

limﬁt_; = m.

t—to
(Tuong duong véi tinh lién tuc ctia cdc thanh phan tuong tng x (t),y (t),z (t))

e Dao ham: Giéi han, néu cé, cua ti so

— — —
limA " im (to+h) — 1" (to)
h—0 h h—0 h

%
dudc goi 14 dao ham ctia ham véctd r@ tai to, ki hidu 7’ (fo) hay “2) khi d6 ta
néi ham vécto 7 (£) kha vi tai f.
Nhan xét: néu x (t),vy (t),z (t) kha vi tai to thi 1@ ciing kha vi tai ¢y va

- — -
T (to) = (to). © +y (to). ] +2 (to). k.

2.2 Puong cong trong khong gian R*®

Tuong tu nhu cach ching ta biéu dién duong cong trong khong gian R? béi phuong
trinh tham s6, méi dudng cong trong khong gian R3 dudc dinh nghia, mét cach don gian,
la mot ham véc to

—

v :[a,b] = R3,y(t) = x().0 +y(t).]+z(t) k.

13



14 Chuong 1. Cdc ung dung cua phép tinh vi phdn trong hinh hoc

Dudng cong 7y dudc goi 1a tron néu nhu ton tai 9/(t) lién tuc va 7/(t) # 0 v6i moi t €
x = x(t)
y=y()
it = (x/(t),y'(t)) thi trong khong gian, mét cach hoan toan tuong tu, mét véc to tiép tuyén
ctia dudng cong y(t) = x ()0 +y(t).j+z(t).k1a 9/ (t) = x'(£).i +y'(t).j + 2 (t).k. Do d6,

[a,b]. Néu nhu trong mat phang, mot véc to tiép tuyén ctia dudng cong la

¢ Phuong trinh tiép tuyén ctia 7y tai diém M/xo, Yo,20) chinh quy:

(@) 22Xt _y—ylt) z2—2(t)
W) v ()

e Phuong trinh phap dién tai M:

(P): x'(to) . (x — x(to)) + ¥ (to) - (y — v (to)) +2' (to) . (z — z (tp)) = 0.

2.3 Do cong cua duong cong
Cho dudng cong v = (t). Khi d6, véc to tiép tuyén don vi N(t) dudc xéc dinh béi

[ ()

Véc to nay xac dinh huéng ctia duong cong nhu hinh veé dudi day.

T

Do cong ctia duong cong tai mot diém P 1a mot dai luong do "toc do" thay doi huéng cta
dudng cong tai diém P d6. Mot cach cu thé, ngusi ta dinh nghia d6 cong ctia dudng cong
tai diém P 1a "téc d6" thay d6i ctia véc to tiép tuyén don vi theo d6 dai cung tai diém P d6.

Dinh nghia 1.2. D¢ cong ciia duong cong vy la

_|aN

C=1%

4

é do N 1a véc to tiép tuyén don vi cia .

14



2. Cdc ung dung cua phép tinh vi phdn trong hinh hoc khéng gian 15

Ta co . .
Co dN| _ |dN/dt
~|ds|  |ds/dt|’
Vi d6 dai cia cung <y dudc tinh theo cong thic
b b
s= [+ 2+ Gt = [ 1701,
a a

s(t) = [ 17/ (w)ldu

12 phan dé dai clia cung nam giita y(a) va (t). LAy dao ham hai vé phuong trinh nay theo

t ta dudc
ds
=l

Do do,

y/ / 2 / / 2 / y/ 2
cp = oAyl N e e ey
N |y (1)]3 N (x2 +y/2+Z/2)%
Loi gii. Ta c6
/
v (#)]
nén
N'(t) = m

2.4 Mat cong trong khong gian R?

Tuong tu nhu cach ching ta biéu dién duong cong trong khong gian béi mét ham véc to
mot tham 6 r(t) = x(t).0 + y(t).j + z(t).k, mbi mit cong trong khéng gian duge biéu dién
tham s6 duéi dang

—

r(u,0) = x(u,0).0+y(t).]+z(t) .k,

tic 12 mot ham véc to phu thudce vao hai tham sb u, .

15



16 Chuong 1. Cdc ung dung cua phép tinh vi phdn trong hinh hoc

(1, 1) 2 T T

~ (., 1)

0 it 0

J/ai;\N\\\\“

.v

Dinh nghia 1.8. T4p hdp tat ca cdc diém (x(u,v),y(u,v),z(u,v)) € R sao cho (u,v) bién
thién trong mién D C R? dudc goi Ia mot mét cong cho béi phuong trinh tham so.

Vi du 2.2. Méi mét phang ax + by + cz +d = 0 trong khong gian c¢é mét tham sé tu nhién

y =0, D =R
__d+ax+by

Cc 7

Vi du 2.3. Méi mét cau x*> + y> + z> = R? trong khéng gian déu co6 mot tham sé tu nhién
la
X =1,
y=70, D = {(x,y) € R*: x* + y* < R?}.
z =1H/R>—x2— 1>,
va mot tham sé trong toa do cau
x = Rsinfcos ¢,
y = Rsinfsin ¢, D={(¢,0) €ER*:0< ¢ <2m,0<6< 7}

z = Rcos?,
Nhu vay, phuong trinh tham sé ciia mét mat cong co thé khéng duy nhat.
Phuong trinh tiép dién ctia mit cong cho béi phudng trinh tham sé
Bai toan: Tim mat phéng tiép dién ctia mat cong S cho bdi phuong trinh tham sé
r(u,v) = x(u,0).i+y(t).j+ z(t) .k
tai diém P, ing véi u = ug, v = vy.

16



2. Cdc ung dung cua phép tinh vi phdn trong hinh hoc khéng gian 17

L' A A

0 i P . &

[Loi giai] Néu ta c6 dinh u = ug thi r(19,v) xdc dinh moét dudng cong C; C S trong
khong gian. Tiép tuyén véi dudng cong nay tai Py ¢6 véc té chi phuong la
ox - 0z -

> 0 »
Ty = g(uo,vo).l + a_Z(uO/ Z)0)-] + %(MQ, UO)'k'

Tuong tu nhu vay, néu ta c6 dinh v = vy thi r(u, vy) xdc dinh mét dusng cong C, C S trong
khong gian. Tiép tuyén véi dudng cong nay tai P, c6 véc to chi phuong la
0z -

ox - ) =
ru = - (10,00).d + 52 (10, 00)-f + 5 (1t0,0) K.

LAy tich c6 hudng cta r, va r, ta dudc véc to phap tuyén ciia mat phang tiép dién ctia mét
cong S tai diém P,. Néu tai Py, r, A 1, # 0 thi ta néi méat cong S 1a tron tai P,.

Chu y 1.1. Puong thang di qua Py va vuéng goc vdi tiép dién cia S tai Py dudc goi 1a phap
tuyén ctia mdt S tai Py. N6 nhan véc to N = r,, A r, lam véc to chi phuong.

Vi du 2.4. Viét phuong trinh tiép dién ciia mét cong cho bdi phuong trinh tham s6 x =
u?,y = 0%,z = u+2v tai diém (1,1,3).

[Loi giai] Ta c6

ox - 9y 0z

ry = a.z + @.f+ @E = 2ui+k,
ro= it Ui E R =o0f ok
Do do,
i 7k
rulNto=[2u 0 1| = —20.0—4uj+4uvk.
0 20 2

Diém (1,1,3) tng véi gid tri u = v = 1 nén r, Ar, = (—2,—4,4). Vay phuong trinh tiép
dién la
—2(x—1)—4(y—1)+4(z—-3)=0<x+2y—2z+3=0.

17



18 Chuong 1. Cdc ung dung cua phép tinh vi phdn trong hinh hoc

Phuong trinh tiép dién ctia mit cong cho béi phueng trinh z = z(x, Y)
Truong hop déc biét, mat cong S cho béi phuong trinh z = z(x, y) thi S ¢6 mét tham sb
X=u,
hoéa tu nhién la y =0,
z =2z(u,v).

Khi dé, r, = (1,0,2),),7, = (0,1,2)) va do d6, véc to phap tuyén ctia mat cong S tai P la

bl

= (—zy, —2,, 1) = (=2, —2,, 1),

—_ O

i
ru Nty = |1 z
0 z

>

Do d6, phudng trinh tiép dién tai P(xo, yo, z0) 12

z—20 = zy (M) . (x — x0) + 2y (M) . (¥ — o) - (1.3)

Phuong trinh tiép dién ctiia mit cong cho béi phuong trinh f(x,1,z) = 0

Néu mit cong S xac dinh béi phuong trinh f(x,v,z) = 0 va M(xq, Yo, zo) 12 mét diém
chinh quy cia S thi né xdc dinh mét ham an z = z(x,y) va cac dao ham z;,z’y dude tinh
theo cong thic

/
/__f:/c I &

Zy = —72, Z,=——=.
/ /
Z Y fZ

Ap dung cong thic ta dugc
e Phuong trinh tiép dién tai M

/ "(M

S fr (M) (x = x0) + fy (M) . (y = yo) + fz (M) . (z — 20) = 0.

e Phuong trinh phép tuyén tai M

. X — X0 o y—yo o Z— 2
@) = FrM) ~ F (M)

2.5 Duong cong cho dudi dang giao cua hai mat cong

f(x,y,2) =0
§(x,yz)=0
Dat n_} = ( fr (M), fy (M), f (M)> 12 vécto phap tuyén ctiia mat phang tiép dién ctia mét

Cho duong cong xac dinh bdéi giao cia hai mat cong nhu sau {

18



2. Cdc ung dung cua phép tinh vi phdn trong hinh hoc khéng gian 19

cong f (x,y,z) = 0 tai M.

bat n_>g = (g; (M), 8y (M), g (M)) 14 vécto phap tuyén ctia méit phang tiép dién ctia méit
cong g (x,y,z) = 0 tai M.

Khi d6 n_f) A n_g> 12 vécto chi phuong ctia tiép tuyén ctia dudng cong da cho tai M. Vay phuong

trinh tiép tuyén la:

( PTTQ:{ fi (M) (x = x0) + fy (M) . (y = yo) + fL (M) . (z — 20) =
8x (M). (x —x0) + 8, (M). (v —yo) + 82 (M).(z—2z) = 0.
\ PTCT: xX—xg — Y—Yo _ z—29
' y (M) fL (M ‘ ‘fé(M) é(M)' ‘fé(M) ;(M)‘
\ gy (M) g (M) L (M) g (M) x (M) g, (M)

Bai tap 1.4. Gia st 7 (t), 7 (t), @ () 1a cac ham vécto kha vi. Chiing minh ring:
A7 (t

%
%
a. & (7 (1) + 7 (1) = o 4 L0

Loigigi. a. Gid st 7 () = (p1 (1), p2 (£),p3 (1), T () = (41 () .42 (1) , 43 (1)), khi d6:

%(70) +7 (1) = 7 (L) +aq1(t), p2(t) + 42 (), p3 () +45 (1))
= (PL () +q1 (), pay (£) + g5 (1), p5 (1) + g5 ())
= (P1 (), pa(t), p5(t) + (91 (1), q2 (1) 95 (1))

1
dy (t) dq ()
i dr

c. Ching minh tuong tu nhu cau b, st dung cong thic dao ham ctia ham hop.

19



20 Chuong 1. Cdc ung dung cua phép tinh vi phdn trong hinh hoc

_ (| P2 p3 () | | ps(t) pr(E) | | pr(t) pa(t)
Q2 (t) a5 (t) || g3(t) a1 (t) || qu(t) q5(t)
L P2® ps(®) ] e () pi(t) | P () p2(D)
B () || as(t) q(t) || 41 (1) 42(t)
dq () dp (1)
_ = q P —
n
Bai tap 1.5. Viét phuong trinh tiép tuyén va phap dién ctia duong:
( x = asin?t
a. ¢ y=bsintcost taidiém ungvéit=%,(a,b,c>0).
| z=ccos?t
( x = el sint
V2
b. ¢ y=1 tai diém tng véi t = 0.
7 = et cost
\ V2
2 2 _a _b _c
Loi giagi. a. - Phuong trinh tiép tuyen: (d) : —2 = yTz = 2
— Phuong trinh phép dién: (P) :a (x—5) —c(z—5) =0.
. . _\2
b. - Phuong trinh tiép tuyén: (d) : & = L& = = 2.
2 2
- Phuong trinh phap dién: (P) : @x + @ (z — 4) =0 n

Bai tap 1.6. Viét phuong trinh phap tuyén va tiép dién ctia mét cong:
a) x2 — 4y? + 272 = 6 tai diém (2,2,3).
b) z = 2x? + 4y? tai diém (2,1,12).
¢) z=1In(2x +vy) tai diém (—1,3,0)

20



2. Cdc ung dung cua phép tinh vi phdn trong hinh hoc khéng gian 21

Loi gidi. a. - Phuong trinh phép tuyén: (d) : ::2 = y;() = %
— Phuong trinh tiép dién: (P) : 4 (x —2) =16 (y —2) +12(z—3) =0

b. - Phuong trinh phép tuyén: (d) : 352 y1 _ z-12

Bai tap 1.7. Viét phuong trinh tiép tuyén va phap dién ctia duong:

2 2:10 ,
a { SV tai diém A (1,3,4)
y-+z-=25

2x? +3y? + 22 = 47 .
b. { XAyt tai diém B (=2,6,1)

x2—|—2y2:z

Loi gidi.  a. Taco{f x,y,z) =x"+y —10=0 nén{nf_g,é,o)‘

g (x, y, —y2+zz—25:O n 0,6,8)
Do d6 ny Ang = 4 (12, ). Vay:
i ié 4 cx=1 _ y=3 _ z-4
- Phuong trinh tiép tuyen (d) : %= = = = %5~

r}
- Phuong trinh phap dién (P):12(x —1) —4(y —3)+3(z—4) =

= (—8,6,12)

,ngAne = —2(27,27,4) nén
— (44,1 "N e = 2 )

b. Tuong tu, { "t
hg

— Phuong trinh tiép tuyén (d) : -2 = y2;71 —z6
- Phuong trinh phap dién (P) : 27 (x +2) +27(y—1) +4(z—6) =0 n

21
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CHUONG 2

TIiCH PHAN BOI

§1. TICH PHAN KEP

1.1 Pinh nghia

Dién tich va tich phan xac dinh

i
#
-

0 i

= ]
e et

X

s e ¥
[ F

Cho f(x) 12 mot ham s6é x4c dinh véi a < x < b. Pau tién ta chia khoang [a, b] nay thanh

n khoang nhé [x;_q, x;] v6i do dai bang nhau Ax = b%” va chon trong mbi khoang dé mot
diém x} bat ki. Sau d6 1ap téng Riemann
n
S(n) =) f(x})Ax
i=1



24 Chuong 2. Tich phdn boi

va lay gi6i han dé thu dudgc tich phan xéc dinh tit a dén b ctia ham sb f(x):

b
[ Fldx = lim S(n).
a
Trudng hop dic biét, f(x) > 0, tong Riemann trén chinh 14 tong dién tich cta cac hinh
b
chit nhat x4p xi mién D giéi han béi cac dudng x = a,x = b,y = 0vay = f(x) va /f(x)dx
a
chinh 14 dién tich ctia mién D.
Thé tich va tich phan béi hai trén hinh chir nhat

Mot cach hoan toan tuong tu nhu trén, xét ham so6 f phu thuoc vao hai bién s6 x, y xac

dinh trén mot hinh chtt nhat dong
R=1[a,b] x[c,d ={(x,y) eER*:a<x <bc<y<d}

Goi S 12 mién ndm phia duéi ciia mat z = f(x,y) va phia trén caa hinh ch nhat R, nghia

la
S={(xy,2) € R3:0<z < f(x,y),(x,y) € R}.

™
™
- .

0 a

Dau tién ta chia mién R thanh c4c mién hinh chit nhat con, bing cach chia khoang [a, b]
thanh m khoang con véi d6 dai bang nhau va bang b%, chia khoang [c, d| thanh n khoang
con véi @6 dai béng nhau va bang %. Nhu vay ta da chia mién R thanh m x n hinh chit
nhat con

Rij = [xi—1,%i] X [yj-1,¥j]

24



1. Tich phdn kép 25

moi hinh chit nhét con ¢6 dién tich AS = AxAy. Trén moi hinh chit nhét R;; ta chon mot
diém (x}, y};) bat ki. Khi d6 thé tich ctia phan con clia S nam phia trén ctia hinh chit nhat
R;j ¢6 thé dugc xap xi bang

f (x5, yij)AS
Ching ta tiép tuc qua trinh nay va thu dudc céng thic xap xi thé tich ctia mién S:
m n
V(S)~ )} fxiyi)As
i=1j=1

Dé dang nhan thiy rang néu ta chia mién R cang nhé thi cong thic xip xi trén cang tot.

0

DPinh nghia 2.4. Tich phan kép (hay tich phan bi hai) ctia ham s6 f(x) trén mién hinh
chir nhat R Ia

// F(x,y)dxdy = lim ij x5y
R

m, 7’1—)00 )
néu nhu gioi han nay ton tai.

Chu y 2.2. Néu f(x,y) > 0 thi thé tich ciia mién nam phia dudi mét cong z = f(x,y) va
phia trén hinh chit nhdt R = [a,b] x [c,d] la

V= //f(x,y)dxdy.
R

Tich phan lap va Pinh ly Fubini

Gia stt f(x,y) 1a mot ham s6 kha tich trén R = [a,b] x [c,d]. Xét hai tich phan 1ap sau:

b

L= /b /d fxy)dy|dx, = /d [ Floyx | dy.

25



26 Chuong 2. Tich phdn boi

DPinh 1y 2.3 (Pinh 1y Fubini). Néu f(x,y) la ham sé lién tuc trén mién hinh chit nhat
R = [a,b] x [c,d] thi

//f(x,y)dxdy = /bdx/df(x,y)dy = /ddy/bf(x,y)dx-
R a c c a

Chitng minh. Trong khuén khé ctia Bai giang nay, thay vi dua ra ching minh cho trudng
hop téng quét, chiing ta sé chi chiing minh cho trudng hop f(x,y) > 0. Trudc hét, thé tich
clia mién ndm phia duéi méit z = f(x,y) va phia trén hinh chi nhat R dudc tinh theo cong
thuec.

V= //f(x,y)dxdy.
R

Trong hoc phan Giai tich I, phan tng dung cta tich phan xac dinh dé tinh thé tich, ching
ta c6 mot cong thic khac, do 1a

V= /bA(x)dx,

8 d6 A(x) la dién tich ctia thiét dién ctia mién V cat béi mit phang vuong gée véi truc Ox.

oll

Nhin vao hinh vé, c6 thé thidy A(x) dién tich ctia mién 12 mién nam phia dudi duong
z = f(x,y), & d6 x dugdc cb dinh va ¢ < y < d. Do d6,

A(x) = /df(x,y)dyzs /f(x,y)dxdy = /bdx/df(x,y)dy-
c R a c

Mot cach hoan toan tuong tu,

//f(x,y)dxdy = /ddy/bf(x,y)dx.
R c o

26



1. Tich phdn kép 27

Tich phan kép trén mién bi chin bat ki

Néu nhu mién D khéng phai 12 hinh chit nhat ma chi 14 mién bi chan bat ki thi ¥ tudng
rat don gian 1a chon mot hinh chit nhat R chita D va dinh nghia ham s6 F v6i mién xéac
dinh la R béi
f(x,y), néu(xy)eD,

F(x,y) = .
(9) 0, neu (x,y) € D,

¥ VA

D D

{ x il x

Pinh nghia 2.5. Tich phan kép (hay tich phan boi hai) ctia ham s6 f(x,y trén mién D
dugc dinh nghia bang

//f(x,y)dxdy: /F(x,y)dxdy.
D R

Co6 mot cach dinh nghia khac caa tich phan kép nhu sau.

Pinh nghia 2.6. Cho ham s6 f (x,y) xdc dinh trong mét mién dong, bi chin D. Chia
mién D mét cdch tuy y thanh n manh nhé. Goi cac manh do va dién tich cia chiing Ia
AS1,AS,, ..., AS,. Trong méi manh AS; I3y mét diém tuy y M (x;,y;) va thanh Iap téng tich
phan I, = i f (xi,yi) AS;. Néu khin — oo sao cho max {AS; — 0} ma I, tién tdi mot gia

i=1

tri hitu han I, khong phu thudc vao cach chia mién D va cach chon diém M (x;,vy;) thi gidi
han 4y dudc goi la tich phan kép ciia ham s6 f (x,y) trong mién D, ki hiéu Ia

// f (x,y) dxdy.
D

Cach dinh nghia nay vé cd ban y tudng ciing giéng nhu dinh nghia & trén. Tuy nhién, viéc
chia mién D thanh n manh nhé nhu vay dan dén viéc khé hinh dung. Thay vao d6, do tich
phan kép khong phu thuéc vao cach chia mién D thanh cdc manh nhé nén ta "cha dong"
chia D thanh hai ho dudng thang song song véi céc truc toa d6 nhu trong Pinh nghia

27



28 Chuong 2. Tich phdn boi

Chu y 2.3. Néu ton tai tich phan kép //f(x,y)dxdy thi ta noi ham sé f (x,y) kha tich
D

trong mién D.

Tinh chit co ban:

e Tinh chéat tuyén tinh:

// [f (x,v) + 8 (x,y)] dxdy = // f(x,y)dxdy + / 8 (x,y) dxdy
D D D

/kf (x,y)dxdy = k//f (x,y)dxdy
D

D

e Tinh chét cong tinh: Néu D = D; U Dy, 6 d6 D; va D, khong "chong" 1én nhau (c6 thé
ngoai trit phan bién) thi

// f(x,y)dxdy = / f(x,y)dxdy + // f (x,y) dxdy.
D D1 Dy

1.2 Tinh tich phan kép trong hé toa do Descartes

D& tinh cac tich phan hai 16p, ta can phai dua ve tinh cac tich phan lap.

1. Néu D 1a mién hinh chit nhat (D) : a < x <bc<y<dthitacé thé st dung mot
trong hai tich phan lap

d

//f(x,}/)dxdyz /bdX/df(x,y)dyzfddy/f(x,y) dx.
D a c

Cc Cc

28



1. Tich phdn kép 29

2. Néu D 1a hinh thang cong c6 cach canh song song véi Oy, (D) :a < x < b, ¢ (x) <
y < ¢ (x) thi, mdt cach hét stic don gian, ta chon hinh chit nhat R = [a,b] x [c,d] nhu

hinh ve.
y
R
dfe-e—”
yd
//D\/y ¥(x)
A v=ol)
cr—1 |
O Lll lly X
Khi do,

/f(x,y)dxdy = //P(x,y)dxdy = /bdx/dF(x,y)dy,
D R a c

§ do, nhac lai rang,

f(x,y), meu(x,y) €D,
F(x,y) =
0, neu (x,y) € D
Ta co
d ¥(x) ¥(x)
/P x,y)dy = / F(x f(x,y)dy,
¢(x) ¢(x)

béi vi v6i y > ¢(x) hoac y < ¢(x) thi F(x,y) = 0.

29



30 Chuong 2. Tich phdn boi

Do d6, tich phan kép trong trudng hop nay duge chuyén vé tich phan lip véi thi tu
dy truéc, dx sau nhu sau:

b px)
/ f(x,y) dxdy = / dx [ f(xy)dy.
b - e(x)
Mot s6 mién c6 dang hinh thang cong c6 canh day song song véi Oy khac duge thé
hién 6 hinh vé sau:

¥ ¥

y¥y=4g:lx) yY=g:lxj ¥=ygalx)

D D D

¥y=g.x)
y=glx) |

- | ST R
o s e

|
|
| y=gix)
|
i

0

=
t

3. Mot cach hoan toan tuong tu, néu D 1a hinh thang cong ¢ cach canh song song véi
Ox, (D) :c <y <d,¢(y) <x<(y) thitich phan kép dudc chuyén vé tich phan lip
v6i thi tu dx trudce, dy sau nhu sau:

P(y)
// f(x,y)dxdy = /d dy /y f(x,y)dx.
b ¢ ey

y

x=g(y) *TYY
d____ -
cbo__ .
O X

4. Néu D la mién c6 hinh déng phiic tap, khong c6 dang 2,3 thi thong thudng ta sé chia
mién D thanh mét s6 hitu han mién c¢6 dang 2 hodc 3 roi s dung tinh chit céng tinh
dé dua vé viéc tinh toan nhitng tich phan 1ap trén mién cé dang 2, 3.

30



1. Tich phdn kép 31

Bai tap 2.1. Tinh cac tich phan sau:

a) //xsin(x+y)dxdy,D ={(x,y) eR*:0<y < F0<x < E}.
D
Loi gidi.
I=

7 2
dx xsin(x—i—y)dy:...:ghoécI:/dy/xsin(x+y)dx:...:%
0 0

O\..N\::
O\N\:{

@)
Hinh 2.7]
Lot giai.
1 Vx 1
— 2, .3 _
I—/dx (xy x)dy 504"
0 a2

Mot s6 dang bai tap cd ban
Dang 1: P6i thit tu lay tich phan.

Chung ta bat dau bang bai toan sau day:
1 1
Bai tap 2.2. Tinh [ = / xdx / eV dy.
0 X2

Ham s6 f (x,y) = xe¥” lién tuc trén mién D nén chic chén kha tich trén D. Tuy nhién, néu
tinh tich phan trén ma lam theo thi tu dy trudc dx sau nhu trong dé bai thi khong tinh
duge, vi ham sb eV’ khong ¢6 nguyén ham sé cip! Do dé, nay sinh nhu cau d6i thi tu lay
tich phan.
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Chuong 2. Tich phdn boi

g .« 2 « X 0. 4, o o X N 0 <
Loi giai. Tubiéu thic tinh tich phan suy ra biéu dién giai tich cia mién D la { )
X

A LA R 21 1sa 0<
Ta vé mién D va biéu dién no lai duéi dang {

Do do,

1
/dy/xeydx—/
0

Y
2
|
|
|
|
|
o) 1 X
Hinh 2.2
<x<1,
<y<i1
<1,
0<x< /7

1

Sy = > [y = b= (e—1).
0

Quy trinh lam bai toan ddi thi tu lay tich phan

b P(x)

Bai toan 1: D6i thit tu 1y tich phan / dx / F(x,y)dy

a @(x)

1. Tt biéu thic tich phan lap, suy ra biéu dién giai tich ctia mién lay tich phan la

p(x) Sy<y(x).

2. Vé phéac thao mién D.

(D):{a<x<b,

32



1. Tich phdn kép

33

3. Chia D thanh cac hinh thang cong c6 cac canh song song v6i Ox. Tim biéu dién giai

c; <y<d,,
@i (y) <x <P (y)-

tich ctia cac mien con, vi du (D;) :

Sau do viet

b ) d )
/dx f(x,y)dyzﬂfdy / f (x,y) dx.
a - g(x) b gily)
Lam tuong tu véi
d )
Bai toan 2: Di thi tu 14y tich phan / dy / F(x,y)dx.
¢ ey

1. Tut biéu thic tich phan lap, suy ra biéu dién giai tich ctia mién lay tich phan la

(D) c<y<d,
e <x<py).

2. Vé phéac thao mién D.

y

x=g(y) *=YY
d____ -
cbo__ .
O X

3. Chia D thanh cac hinh thang cong c6 cac canh song song véi Oy. Tim biéu dién giai

- ) 2 LN - al < y < bll
tich ctia cac mien con, vi du (D;) :
i (x) Sy < ¥i (x).

Sau do viet

b ¢i(x)
/dx / f(x,y)dy.
@i(x)

a;

d  ¥(y)
/dy / flxy)de=)_
¢ gly) :

Bai tap 2.3. Thay ddi thit tu 1ay tich phan ctia cac tich phan sau:
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34 Chuong 2. Tich phdn boi

a) /1dx 7x2 f(xy)dy
1 _ite

Hinh a)

Chia mién D thanh hai mién con D;, D; nhu hinh v&, véi

-1<y<0 D 0<y<l1
Do
! —/1—-y2<x</1—y? —/1-y<x<y/1—y

Vay

0 1—y? 1 1-y

1=/dy / f(x,y)der/dy / f(x,y)dx

-1 _ 1_y2 0 _ 1,]/

1 14+4/1—12
b) /dy f(x,y)dx 1

@] 1 2 x
Hinh [2.3b)
Loi widi. Ta cé bidu didn eiai tich ciia D 1 1<x<2 .
o1 gidi. Ta c6 biéu dién giai tich cia D 1a nén:
2—x<y<V2x—x?

H\I\J
\
Z
<
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1. Tich phdn kép 35

2 V2x .
c) /dx / f(x,y)dx.
0 Vax—x2 2

Hinh 2.3]¢)

Loi gidi. Chia D thanh 3 mién nhu hinh vé, véi

H 0 b 0<y<«<l1 b 1<y<2
1- 2 , D30
%2<x<1— 12 1+ /I—2<x<2 L<x<2

N
Q
—

Vay:
1 1=yl 1 2 2
I:/dy / f(xy)dx+/dy / xydx+/d/ X,y
0 a 0 14y/1y 2
V2 oy 4—y2
d) /dy/f(x,y)dx+/dy / f(xy)d
0 0 NG 0
1
V2
|
|
|
@) V2 X
Hinh[2.3d)
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36 Chuong 2. Tich phdn boi

% 0<x<V2 R
Loi giai. Biéu diéen giai tich cta D la nén
x<y<vVa—x?
V2 4—x2

Bai tap 2.4. Ching minh rang

1 1 1 1
J([em) oo [ ([ ) ot

Hay giai thich tai sao khong déi thit tu 1ay tich phan dude trong tich phan trén.

[Gei y] Ham 14y tich phan f(x,y) = o y) khéng lién tuc trén mién D = [0,1] x [0,1] nén

// - y e

[0,1]x
c6 thé khéng ton tai. Pay thuc chat 14 mot tich phan boi suy rong.
Dang 2: Tinh céc tich phan kép c6 chita dau gia tri tuyét déi.
Gia sit cAn tinh // If (x,y)| dxdy.
Muc dich cta chl’fng ta la pha b dudc dau gia tri tuyét d6i. Vi vay ta khao sat diu caa

ham f (x,y). Do tinh lién tuc ctia ham f (x,y) nén dudng cong f (x,y) = 0 sé& chia mién D
thanh hai mién, D* va D~. Trén mién D", f (x,y) > 0, va trén mién D, f (x,y) < 0. Ta

c6 cong thic:
[\ Gownasay = [ £ (xyyasay+ [ <f (xy) dxdy @)
D D+ D-

Cac budc dé lam bai toan tinh tich phan kép c¢6 chita dau gia tri tuyét dbi:

1. V& duong cong f (x,y) = 0 dé tim dudng cong phan chia mién D.

2. Gia st dudng cong tim dudc chia mién D thanh hai mién. Pé xac dinh xem mién nao
la Dt , mién nao 12 D, ta xét mot diém (xo, yo) bat ki, sau d6 tinh gia tri f (xo, o).
Néu f (xo,10) > 0 thi mién chia (xo, o) 1a D va ngudc lai.

3. Sau khi x4c dinh dudc cac mién Dt, D, sit dung cong thic (2.1) dé tinh tich phan.
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1. Tich phdn kép 37

Bai tap 2.5. Tinh / X+ yldxdy, D := {(x,y) € R*|]x < 1], |y| <1}
D

Y
1
Dy
o) 1 X
D_
Hinh

Loi giai. Ta co:

-1 <x<1,
Dt =DnN{x+y>0}=
—x<y<L
_ -1<x<1,
D =Dn{x+y <0} =
-I1<y<—x

I:/(x+y)dxdy—//(x+y)dxdy:...:2.
o

D+

Bai tap 2.6. Tinh / Vv — x2|dxdy, D := {(x,y) e R*||x] <1,0<y <1}.
D

y

@) 1
Hinh
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38 Chuong 2. Tich phdn boi

Loi gidi. Chia mién D thanh hai mién con

D+:Dm{(x,y)‘y—x2>o}: *
x»<y<l,
—-1< 1,
D_:Dﬂ{(x,y)‘y—x2<0}: xS
0<y<x
Do do
I://\/y—dexdy—{—/\/xz—ydxdy:hjtlz,
D+ D-
trong do
1 1 ) 1 3 4 7
Il—/dx/ y—dey:§/<1—x2>2d x_émt_/cos‘ltdt: =
-1 x? -1 0
1 x? 1 1
Iz—/dx/\/xz—ydy:—/|x|3dx:—/x3dx:5
-1 0 -1 0
Kétluan I = 7 + 1. -

Dang 3: Tinh tich phan kép trong truong hdp mién lay tich phan la mién déi
xung.

Pinh 1y 2.4. Néu mién D 14 mién déi xitng qua truc Ox (tuong ting Oy) va ham la ham 16
doi vdi y (tuong iing doi vdi x) thi

/f (x,y)dxdy = 0.
D

Pinh 1y 2.5. Néu mién D la mién déi xiing qua truc Ox (tuong iing Oy) va ham la ham
chén doi vdi y (tuong ng doi vdi x) thi

f f(x,y)dxdy =2 // f(x,y) dxdy,
D D+

trong do Dt 1a phan ndm bén trén truc Ox cia D (tuong iing phia phéi truc Oy cua D).

Pinh 1y 2.6. Néu mién D la mién déi xiing qua truc goc toa do O va ham f (x,y) thod man
f(=x,—y)=—f(xy) thi

/f (x,y)dxdy = 0.

D
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1. Tich phdn kép 39

Bai tap 2.7. Tinh // x| + |y|dxdy.
|x[+]yl<1

Hinh 2.7

Loi gidi. Do D dbi xing qua ca Ox va Oy, f (x,y) = |x| + |y| 12 ham ch&n véi x,y nén

1

/_x(x +y)dy = %-

0

I:4//f(x,y)dxdy:4/1dx
D, 0

1.3 Phép do0i bién so trong tich phan kép
Phép ddi bién sb téng quat

Phép d6i bién sb téng quat thuong dude st dung trong truong hgp mién D 1a giao cta
hai ho duong cong. Xét tich phan kép [ = // f (x,y) dxdy, trong d6 f (x,y) lién tuc trén D.
D

Thuc hién phép d6i bién s6

{x =x(u,v), 2.9)

thoa man:

e x =x(u,v),y = y(u,v) la cac ham so lién tuc va c6 dao ham riéng lién tuc trong
mién déng D,, cia mat phang O'uov.

e Cong thuc (2.2) xac dinh song anh tu D, — D.

e Dinh thiic Jacobi | = % = xl’ xf’ # 0V (u,v) € Dyp.

u Yo
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40 Chuong 2. Tich phdn boi

Khi d6 ta c6 cong thitc d6i bién sb:

1= [ fyydedy = [] £ (x (o), (u,0)) || dudo
D

DMU

Chu y:

e Muc dich cta phép ddi bién sb 1a dua viéc tinh tich phan ti mién D c6 hinh déng
phtic tap vé tinh tich phan trén mién D,,, don gian hon nhu 14 hinh thang cong hoic
hinh chit nhat. Trong nhiéu truong hdp, phép d6i bién sb con ¢ tac dung lam don
gian biéu thic tinh tich phan f (x,y).

e Dé xac dinh dudc mién D, luu ¥ rang phép doéi bién sb tong quat sé bién bién cta
mién D thanh bién cia mién D,;, bién mién D bi chan thanh mién D, bi chan.

/
D(u,v) uy,
D(xy) .

Uy

e C6 thé tinh | thong qua [~ ! =

l
”x

U

X

Bai tap 2.8. Chuyén tich phan sau sang hai bién u, v:

1 x
a) /dx/f(x,y)dxdy, néu dat H=xTy
0 —X

v=Xx—-Y

b) Ap dung tinh véi f (x,y) = (2 —x —y)*.

(%

2
!
1
D
0 X o’ 2 U
Hinh 2.§]
Loi giai. Ta co
_ _ ut
u=xty x =55t ’]_1_D(u,v):1 v_ .,
v=x—1Yy y =470 D (x,y) 1 -1
Hon nua
0<x<1 O0<u<?2
D < Dyo
—x<Yy<x 0<ov<2—u
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Loi gidi. Thuc hién phép d6i bién

Ta co

¥

u

41

y
y = 4x
y=x
1_ —_— —
| Xy =
| Xy =
|
0 1 X
Hinh 2.9
X I1<u<4 2
Y =Dy : ,]71 —y Tz—y:2v
:% 1<v<4 2 x X
1 ; ; 2 ; 3 45
u u
(45—2140) .%dv— /du!(;—u)dv—l/—iudu——z



42 Chuong 2. Tich phdn boi

Dung tich phan kép dé chirng minh Céng thitc Euler (Giai tich III)

Chung minh cong thic Euler sau

C6 nhiéu cach dé ching minh cong thitc nay, mot trong nhiing cach d6 1a st dung khai
trién Fourier. Sau day t6i xin giéi thiéu mét phuong phap chiitng minh khac dua vao Tich

) 1 1
phan kép. Truéc hét, vi / x'dx = / y"dy = ;17 nén
0 0

1 1 11
Z%:Z/x”dx/y”dy=2//xy”dxdy:
1 =09 0 0 0

n=0

n=0

1 11 ,
7’1 —

/ (xy) dxdy—//l_xydxdy.

0 00

o —

n= n
Pé tinh dudc tich phan kép nay ta thuc hién phép ddi bién x = u — v, y = u+ v. Khi do
J = 2 va mién D sé bién thanh mién D,, nhu hinh vé (Tai sao? Phai dua vao nhan xét

phép doi bién bién bién ctia mién D thanh bién ctia mién D,,).

X 0
1
1l
2I
|
1) 1 y o 1 u

Ta co
I:/l— dxdy = /1 7 Sdudov
D DI/IU
3 u . 1 1-u . (2.3)
=4 —_— 4 — dv.
/du/l_u2+vzdv+ /du/ 1_u2+vzdv
0 0 1 0
2
Vi
ya
dt z z
/ = —arctan = — arctan —
) a2 +t2  a alo a a



1. Tich phdn kép 43

arctan

u 1
——du +4/ arctan ——— du =1L+ b.
vV1—1u? J vV1—1u? V1 T
2

%
_4/ 1
: vV1—1u?

Pat u = sin @ d6i véi tich phan I; ta dudc

cosf arctan ﬂd@ =4

o 2
arctan(tan 0)do = 4/9619 =T (24
1—sin?6 1—sin?6 0

g

Il

N
S S~
O\O\\:

Pat u = cos 26 dbi véi tich phan I, ta dude

3 3
2sin 26 1 — cos?26 2
L = 4/ —— arctan (—) do = 8/arctan tan0)df = —.
2 , V1 — cos? 26 V1 — cos? 26 , ( ) 9

2

KetluanI:"—8+%:%2.

Phép ddi bién sb trong toa d6 cuc

Trong rat nhiéu truong hop, viéc tinh toan tich phan kép trong toa do cuc don gian
hon rat nhiéu so véi viéc tinh tich phan trong toa do Descartes, dic biét 1a khi mién D c6
dang hinh tron, quat tron, cardioids,... va ham dudi dau tich phan c6 nhiing biéu thic

r=|OM
(x* +y?). Toa do cuc ctia diém M (x,y) 1a bo (r, ), trong dé ‘ ’
@ = Ox, OM
y
M
y _____
r = |OM|
|
LA
O X X
o . 201 s A X =Trcosg P . A  n ) A s <
Cong thuc doi biéen: trong d6 mién bién thién cta r, ¢ phu thuéc vao hinh
y=rsing
dang ctia mién D. Khi d6
D (x,y) \ .
] = :rvaI:// (rcos ¢, rsin @)rdrdeg.
D(r, ) J f (rcos @, rsin p)rdrde
re
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44 Chuong 2. Tich phdn boi

v N 2 N % . A . N P1 < @ < @2 N ~
Pac biét, neu mieén lay tich phan c6 dang hinh quat (xem hinh vé)
r(g) <r<r(y)
thi
2 r2(¢)
I = /d(p / f (rcos @, rsin @) rdr.
P1 r1(e)
y
r=r2(9)
r=ri(9)
(@) X

Bai tap 2.10. Tim cén lay tich phan trong toa do cuc I = // f (x,y)dxdy, trong d6 D la
D

mién xac dinh nhu sau:

a) 02<x2+y2<b2

Hinh [2.10a
Loi gidi.
27 b
0<¢<2m -
D: :>I:/d(p/f(rc05(p,rsm(p)rdr
a<r<b 5 ;
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b) x? +y? > dx, x> +y> < 8x,y = x,y < 2x

Y

|
|
|
|
|

I |

| |

| |

|

|

O 2 4 8 x
Hinh 2.10b
Loi giai. Ta co:
q) < % 5 8cos ¢ .
D: =1 = /d(p / f (rcos @, rsin ) rdr.
4cosg0<r<8cosgo J .
z cos ¢

Bai tap 2.11. Dung phép ddi bién sb trong toa do cuc, hay tinh cac tich phan sau:

VRZ—x2
a)/dx / n(l1+x*+y?)dy (R>0).

O R «x

Hinh[2.11la
Tt bidu thic tinh tich phan ta suy ra biéu thic giai tich ciia mién D la:

0<x <R
0<y<VRZ—x2

X = 1COS @

y=rsing

dgo/ln 1+r>rdr— /ln 1+r>d<1—|—r2>

[(R2+1> In (R?+1) —RZ] .

Chuyén sang toa d6 cuc, dat

H>| N O~y
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46 Chuong 2. Tich phdn boi

24 (y-1)7=1
b) Tinh // xy?dxdy, D gi6i han béi {x =1
D

x?+y*—4y =0.
y
4
2
19) X
Hinh b
= 0o
Pt X = 1COS @ N Q@
Yy =rsing 2sing < r < 4sin g.
T 4sin ¢
I:/d(p / ¥ COS @. (rsinq))zrdr
0 2sin ¢

=0.
Cach 2: Vi D d6i xiing qua Oy va f(x,y) = xy? 12 ham s6 18 d6i v6i x nén I = 0.
Bai tap 2.12. Tinh cac tich phan sau:

4y < x> +1> <8
dxdy , . Y X Yy x oY,
a) // e trong d6 D : {

D

x <y <xV3.
Y
8 y:x\/§
y=x
4
O X
Hinh [2.125
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1. Tich phdn kép 47

x=r T<9< %
Loi gidi. Dit COSP L) ESeSS
y=rsing 4sing <r < 8sing.
Do do
s 8si s
1= Jag [ R (o Va2 (- L)
B (P. rt 7 2) \64sin’g  16sin® ¢ 7~ 18 V3/
z 4sin ¢ z

Hinh 2.12b
X = 1CoSs 0< <21
Dit LN ¢
y=rsing 0<r<1.
Ta co:
R PR 2 1 1—u
r u=r -
1= [do [\ Tarrt= 2 [ 5
0 0 0
bat
4t
b ].—u d (1+i’2)2
I+u lo<i<i
; At Foadt Pt
I:n/t — 5 dt:—ﬂ/ 2+47T/ 5
(1+12) T+t (1+12)
0 0 0
——47Tarctant‘1—{—47r 1;—i—larctant ’1
- 0 2241 ' 2 0
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48 Chuong 2. Tich phdn boi

2 +y? <12
x2 4+ y? > 2x

c) //xzx—fzdxdy trong d6 D : Y
x>0,y >0.

Yy

D,
O 2 2\/5 X
Hinh 2.12c
Loi gidi. Chia mién D thanh hai mién D = D; U D, nhu hinh v&,
0<p<E Tk
Dl - (P 6 /DZ - 6 (P 2
2cosg0<r<2\/§ 2\/§sinq)<r<2\/§.

g2 r? cos @ sin @ 1 : 17
= B — = i — 2 = = —
L = /dqo / 2 rdr = 5 /cosq)sm(p (12 4cos q)) dep = ... 3
0 2cos ¢ 0
2 23, 2
Izz/d(p / ! cosrg;)sm(p dr—%/cosq)smcp 12 — 12 sin? (p>dgo— .—;—Z.

% Zﬁsin(p

Kétluan I = 4.

Phép d6i bién sb trong toa d6 cuc suy réng.

Phép doi bién trong toa dd cuc suy rong dude st dung khi mién D c6 hinh dang ellipse

ho&c hinh tron ¢6 tAm khong nam trén céc truc toa d6. Khi stt dung phép bién d6i nay, bat

budc phai tinh lai cac Jacobian ctia phép bién déi.

X = arcos ¢

1. NéuD: x_2 + y—z = 1, thuc hién phép ddi bién , ] = abr.

y=brsing
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X=a-+rcos¢e

2. Néu D : (x —a)*+ (y — b)* = R?, thuc hién phép ddi bién { ]

y=b+rsing

=r.

3. Xac dinh mién bién thién ctia r, ¢ trong phép déi bién trong hé toa do cuc suy rong.

4. Thay vao cong thic d6i bién tong quat va hoan tat qua trinh ddi bién.

Bai tap 2.13. Tinh // |9x2 — 4y?| dxdy, trong d6 D : ’2—2 + %2 < 1.
D

Yy
3
2 X
Hinh 2.13
Loi gidi.
X = 2r cos 0< <21
Pit LN S 4
y =3rsin¢g 0<r«<l1.
Ta co:
21 1
I=6 // ‘361’2 cos® ¢ — 3612 sin’ go‘rdrdgo = 6.36/ |cos 2¢| dqo/r3dr =..=216
Dyg 0 0
R Rx—x2
Bai tap 2.14. Tinh / dx / VRx — 22— y2dy, (R > 0).
0 —VRx—x2
Y
@] R
Hinh 2.74]
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50 Chuong 2. Tich phdn boi

Loi gidgi. Tu biéu thic tinh tich phan suy ra biéu thic giai tich cia D la:

0<x<R R\? R?
D: @(x——) +y? < —.

—VRx— x> <y < VRx—x? 2 4

R
X = 5 + rcos 0< <2
Pt 2T = T
o<r< ¥

y=rsing
Vay

O\N\w
|
\N
[
=
I
N
I\J| L
O\N\w
u>| =~
|
T\J
QU
N
q>| 3,
|
N
~
|
|
—_
I\J‘ 78)

7
0
Chu y 2.4. Pdi vdi Bai tap[2.14, néu chi doi bién so trong toa dé cuc thong thuong

X =1Cos @, thi
1

<¢<7,
y=rsing 0<r<R

oS ¢.

I/\ NI::

Tich phan da cho tré thanh

Rcos ¢

do / <\ /Rr cos ¢ — r2) rdr.

0

—~
Il
\mm

(S B}

Tich phan nay khong dé tinh vi né chiia biéu thiic vé ti\/Rrcos ¢ — r2. D4y la mét vi du
dién hinh vé viéc phép doi bién sé trong toa do cuc suy rong khong nhiing bién mién Idy

tich phan vé mién don gidn, ma con co tac dung lam don gidn biéu thitc tinh tich phén.

Bai tap 2.15. Tinh // xydxdy, véi

a) D l1a hinh tron (x —2)* + y?> < 1.

0 1W3x

Hinh
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1. Tich phdn kép 51

Lot gidi.

x =2+ rcos 0<r«i1

bat ¢ =

y=rsing 0< @< 2m.
Ta co

21 1

I= /d(p/(Z—i—rcosgo)rsinq).rdr:O.
0 0

Céch 2. Nhan xét D 1a mién d6i xting qua Ox va f (x,y) = xy 1a ham 18 d6i véi y nén
I =0. L

b) D la nita hinh tron (x —2)* + y?> <1,y >0.

y
O 1 3 X
Hinh 2.15b
Loi giai.
Pat X =2+7rcos¢ N 0<r«l1
y=rsing 0<p <.
Ta co

T 1
I = /d(p/(2+rcoscp)rsin(p.rdr: g
0 0

1.4 Bai tap on tap
Bai tap 2.16. Tinh

// ydxdy
2 2\3
0aixpoy (1% +1%)?2

[Gdi y] Nén tinh tich phan nay theo thu tu dy trude, dx sau.

1 1
I:/dx/ ydy .
S (14224 12)3

51



52 Chuong 2. Tich phdn boi

Bai tap 2.17. Tinh
a)lh, = / ;-;dxdy, trong do D la mién gidi han béi cac duong thang x = 2,y = x va
D
hyperbol xy = 1.

b) I, = // (x? + y)dxdy, trong dé C 1a mién gidi han bdi cdc parbaol y = x* va x = 1.
C

[Pap sb]
a) I =2 b) L = £

Bai tap 2.18. Tinh tich phan
2 .
I= // TS xdy,
a y
trong do D la mién gidi han bdi bon parabol
X =ay,x* =by,y* = px,y* =qx, (0<a<b,0<p<q).

. ‘A LA A 2 P
[Goi y] Thuc hién phép doi bién s6 u = x7, U=

Bai tap 2.19. Tinh tich phan I = // xydxdy trong dé D la mién gidi han bdi cdc duong
D

cong
y=ax,y=0x> > =px,y> =qx, (0<b<a,0<p<q).

a1 A A 2
[Ggi ¥] Thuc hién phép d6i bién sbu = £, v = L.

y 4
Bai tap 2.20. Chiing minh rang
1 1—x 1
v —
/dx / e”ydy:e .
2
0 0

[Ggi y] Thuc hién phép ddi bién u = x +y,v = v.
Bai tap 2.21. Tinh dién tich ctia mién gidi han bdi cdc duong xy = 4,xy = 8,xy° =
5,xy® = 15.
[Goi y] Pt u = xy,v = xy>. Dap s6 S = 2In 3.
Bai tap 2.22. Tinh dién tich ciia mién gidi han béi bon parabol v* = x,y* = 8x,x*> =
y, x% = 8y.
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1. Tich phdn kép 53

. o v L Ao 279
[Goiyl Dat u = =, 0 = x7 Dap so S = =57

Bai tap 2.23. Tinh dién tich ciia mién gidi han béi cac duongy = x>,y = 4x3,x = y3,x =

43,

[Pap s6] S = %.
Bai tap 2.24. Chiing minh rang

xX—y _sinl
// Cos (—x +y> dxdy = —

x+y<1,x>0,y>0

[GoiylPatu =x—y,v=x+y.

(e

trong do D la mién gidi han bdi cdc truc toa dé va parabol\/g +\/% =1.

Bai tap 2.25. Tinh tich phan
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54 Chuong 2. Tich phdn boi

§2. TICH PHAN BOI BA

2.1 Pinh nghia va tinh chat

Pinh nghia 2.7. Cho ham sé f(x,y,z) xac dinh trong mét mién dong, bi chanV cia khéng

gian Oxyz. Chia mién V mét cdach tuy y thanh n mién nhé. Goi cdc mién do va thé tich

ctia chiing 1a AVy, AV;, ..., AV,. Trong méi mién A; 1dy mét diém tuy y M(x;,v;, z;) va thanh

I4p tong tich phan I,, = i f (xi,i,2z;) AV;. Néu khin — +o0 sao cho max {AV; — 0} ma I,
i=1

tién tdi mot gid tri hitu han 1, khéng phu thudc vao cach chia mién V va cach chon diém
M(x;,vi,z;) thi gidi han 4y dudc goi la tich phan bdi ba ciia ham s6 f(x,y,z) trong mién 'V,
ki hiéu I /// Fx,y,2)dV.

Khi d6 ta néi rang ham s6 f(x,y,z) kha tich trong mién V.
Do tich phan béi ba khéng phu thudc vao cach chia mién V thanh cdc mién nhé nén ta cé
thé chia V béi ba ho mit thang song song véi cac mat phang toa d6, khi d6 dV = dxdydz

va ta c6 thé viét
//f(x,y,z) av = //f(x,y,z) dxdydz
Vv Vv

Cac tinh chit co ban

e Tinh chat tuyén tinh

/[ If (x,y,2) + g (x,y,2)] dxdydz = // f(x,y,z)dxdydz + //g(x, y,z)dxdydz
v v 1%

//V/kf (x,y,2) dxdydz = k/V/f(x,y,z) dxdydz

e Tinh chét cong tinh: Néu V = V; U V,, 6 @6 V4 va V, khong "chong" 1én nhau (c6 thé
ngoai trit phan bién) thi:

// f(x,y,z)dxdydz = // f(x,y,2) dxdydz+//f(x,y,z) dxdydz
14 Vi V

2.2 Tinh tich phan boi ba trong hé toa @6 Descartes

Ciing gidng nhu viéc tinh toan tich phan kép, ta can phai dua tich phan ba 16p veé tich
phan lip. Viéc chuyén d6i nay sé dude thuc hién qua trung gian la tich phan kép.

Tich phan ba 16p = Tich phéan hai 16p = Tich phan lap
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2. Tich phdn boi ba 55

So do trén cho thay viéc tinh tich phan ba 16p dudc chuyén vé tinh tich phan kép (viéc
tinh tich phan kép da dudc nghién ctu 6 bai trudc). Puong nhién viéc chuyén dsi nay phu
thudc chat ché vao hinh dang ctia mién V. Mot 1an nita, ki néng vé hinh 1a rat quan trong.

<A
| 1z =2z1(x,Y)
| |
I |

'o':F """" HEA

Néu mién V dugc giéi han béi cac mit z = z1 (x,y),z = 25 (x,y), trong d6 z; (x,v), 22 (x,y)
12 cac ham sb lién tuc trén mieén D, D 14 hinh chiéu cia mién V 1én mat phang Oxy thi ta
co:

z2(xy)

I = // f(x,y,z)dxdydz = //dxdy / f(x,y,z)dz (2.5)
14 D

z1(xy)

Thuét toan chuyén tich phan ba 16p veé tich phan hai 16p
1. X4c dinh hinh chiéu ctia mién V 1én mit phang Oxy.

2. Xac dinh bién dudi z = z1 (x,y) va bién trén z = z; (x,y) cha V.
3. St dung cong thiic [2.5dé hoan tat viéc chuyén doi.

Pen day moi viéc chi méi xong mot nita, van dé con lai bay gio la:

X4c dinh D va cac bién z = z; (x,y),z = 25 (x,y) nhu thé nao?

C6 hai cach dé xac dinh: Dung hinh hoc hoic 14 dua vao biéu thic giai tich ciia mién V.
M5i cach déu c6 nhitng vu va nhude diém riéng. Cach dung hinh hoc ¢6 uu diém 1a rat
truc quan, dé hiéu. Cach dung biéu thitc giai tich ctia V tuy c6 thé ap dung cho nhiéu
bai nhung thuong khé hiéu va phiic tap. Vi thé, ching ta ¢b ging thit cach vé hinh trude.
Muén lam dudc diéu nay, doi héi ban doc phai c6 ki nang vé cac mat cong cd ban trong
khong gian nhu mat phang, mat tru, mit nén, mat cau, ellipsoit, paraboloit, hyperboloit
1 tang, hyperboloit 2 tang, hon nita can cé tri tuéng tuong t6t dé hinh dung ra su giao cat
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56 Chuong 2. Tich phdn boi

cua cac mat.

Chu y: Ciing giéng nhu khi tinh tich phan kép, viéc nhan xét dude tinh d6i xting ctia mién
V va tinh chn 18 ctia ham 14y tich phan f (x,y,z) déi khi gitip sinh vién gidm dugc khéi
lugng tinh toan dang ké.

Pinh 1y 2.7. Néu V la mién déi xiing qua mét phing z = 0 (Oxy) va f(x,y,z) la ham s6

16 déi vdi z thi //f (x,y,z)dxdydz = 0.
Vv

Pinh 1y 2.8. Néu V la mién déi xiing qua mét phing z = 0 (Oxy) va f(x,y,z) la ham s6
chdn dobi vdi z thi W f(x,y,z)dxdydz = 2 /// f (x,v,z) dxdydz, trong d6 V* la phan phia
1% v+

trén mét phangz =0 cia V.

Chu y 2.5. Vai tro ciia z trong hai dinh ly trén co thé duoc thay doi bang x hodc y. Hai
dinh Iy nay co thé dugc chiing minh dé dang bang phuong phdp doéi bién so.

Bai tap 2.26. Tinh /// zdxdydz trong d6 mién V dude xac dinh béi:
1%

= o
NN
< R
N IN
NI

(a]
/AN
N
N
—_
|
=

S}
|
<
. N

Loi giai.
pom Vi Pz i 10 43
_ _ Ll1_2_,2 _ 1 _ Vs _
I—O/dx dy / zdz—o/dx/ (1 X y)dy 20/<x 3x)dx 3072
X X

Bai tap 2.27. Tinh /// (x2 + y?) dxdydz trong d6 V 1a mién giéi han béi cdc mat
v

P+ =1
4yt —22=0.
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2. Tich phdn boi ba 57

Hinh

Loi gidi. Do tinh chat d6i xing, /// x2 +y?) dxdydz = 2// x? +v?) dxdydz = 21, trong

1:/ 2+ 2 <z <y /1 —x2—y?

dé V4 1a ntta phia trén mét phang Oxy cta V. Ta cé 1
D: x +y E/

v6i D 12 hinh chiéu ctia Vi 1én Oxy. Ta c6

1—x2—
Il://x2+y2dXdy / dZ—/ (Q/ — _y _‘/x2+y)dxdy
D V2 D
. [x=rcose ¢ A
Dat =] = én
y=rsing o<r
5 o
2 7T 2
I1=/r3(\/1—r2—r dr/d90=27r r \/m-r)d (r COS”‘)_ZSHS_S\/—
0 0 0
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Vay
4 8-5V2

! 5 12 [

2.3 Doi bién so trong tich phan boi ba
Phép ddi bién sb téng quat

Phép d6i bién sb téng quat thuong dude st dung trong truong hgp mién V 1a giao cta
ba ho mit cong. Gia st can tinh [ = // f (x,y,z) dxdydz trong d6 f(x,y,z) lién tuc trén V.
4

Thuc hién phép d6i bién s6
x=x(u,ow)

N
I

y(u,v,w) (2.6)
z

(u,v,w)
thoa man

e x,1,z cung véi cac dao ham riéng ctia né la cac ham so lién tuc trén mién déng Viuw

cia mat phang O'uvw.

e Cong thic[2.6/x4c dinh song anh V,,,y, — V.

° ] = DD((LT,’vy,’\LzZV)) 75 0 tI‘OIlg Viow. Khi do

I = ﬁf(x,y,z) dxdydz = // flx(uo,w),y(uow),z(u o w)l|f| dudodw

V Vll ow

Chuy 2.6. 1. Ciing giéng nhu phép doi bién trong tich phén kép, phép déi bién trong
tich phan boi ba ciing bién bién ciia mién V thanh bién ciia mién V., bién mién V

bi chan thanh mién V., bi chdn.

2. Co thé'tinh | théng qua |~ = DD((L;’,;’,Z;))'
X+y+z==3
Bai tap 2.28. Tinh thé tich mién V gi6i han béi { x +2y —z = £1 biét V = // dxdydz.
x+4y+z==E2 1%

58



2. Tich phdn boi ba 59

U=x+y+z
Loi gidi. Thuc hién phép déi bién { v = x 42y —z
w=x-+4y+z.
u==3
Vi phép d6i bién bién bién ctia V thanh bién ctia View nén Vi gidi han béi: { v = +1
w = 12.
Ta co
1 D(u,v,w) tid 1 1 1
=D = 1 i —11 :6:»]:8:,1/:6‘// dudodw = 624 =8

Bai tap 2.29. Tinh

a) //(3x2+2y+z)dxdydz, trongdo V:|x—y| <1 |ly—z| <1 |z+x <1
Vv
b) //dxdydz,trongd(’)V: lx—y|+[x+3y|+|x+y+z <1
Vv
[Goi y]

a)bat{ov=y—2z, ={-1<v<1

u=x-y,

b) Pét ¢ v = x + 3y, = |u| + || + |w| < 1.

w=x+y+z

Phép ddi bién sb trong toa do6 tru

Khi mién V ¢6 bién 14 cac mat nhu mat paraboloit, mat nén, mét tru, va c¢é hinh chiéu
D 1én Oxy 1& hinh tron, hoéic ham 14y tich phan f(x,y,z) ¢6 chita biéu thic (x2 + y?) thi ta
hay s dung cong thiic ddi bién trong hé toa do tru.

Toa dd tru cta diém M(x,v,z) 1a bd ba (r, ¢, z), trong d6 (r, ¢) chinh 1a toa do cuc ctia
diém M’ 1a hinh chiéu ctia diém M 1én Oxy.
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60 Chuong 2. Tich phdn boi

r=|OM|
/l>
¢ = Ox,0M’
o 1 ______ .
\ y
P M’
X
X =71cos ¢

Coéng thic d6i bién { y = rsing

Z = Z.

Pinh thitc Jacobian ctia phép bién d6ila | = ggf’g) 2 =1, ta co:

I = // f(x,y,z)dxdydz = // f (rcosq,rsin ¢, z) rdrdpdz.
v

VT(pZ

(x,y) e D

z1 (%, y) <z<zo(x,y)

1< Q< P
r(p) <r<ra(e)

Néu mién V : { , trong d6 D : { thi:

<

¢ 1n(9)  za(rcosg,rsing)
I'= /d(P / rdr / f (rcos @, rsing,z)dz.
1 11

(¢) z1(r cos @,r sin )

z z = 2zp(rcos ¢, rsin ¢)
 Z=2z1(rcos @, rsing)
! |
! |
o \ _______ ) 5
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2. Tich phdn boi ba 61

2, .2
x“+y~- <1
Bai tap 2.30. Tinh /// (x? + y?) dxdydz, trong d6 V : /
1<z<K2
1%
z
1%
| |
| |
e
- ~~ y
—————————————— 1
(\\‘~—4/_7|Q__——’//
X
Hinh 2.30
X = 1COoS @ 0< <2
Loi giai. Dat < y=rsing thi ¢ 0<r <1
z=2z 1<z<2

Ta co

—~
I
[

-
o
<

N
[
~
»—\\N
N
[
N
I
I
W
=4

Bai tap 2.31. Tinh /// z+/x% + y2dxdydz, trong do:
14

a) V 1a mién giéi han béi mat tru: x> + y*> = 2x va cac mit phang z = 0,z = a (a > 0).

b) V 1a nita ctia hinh cau x> + y?> + 22 <a%,z > 0(a > 0)
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Chuong 2. Tich phdn boi

62
z
__JO Y
-7,
/, 4
// //
/
// //
Ve 7
7 /7
/ Ve
/ Ve
Ve
il 7
R
X/ .
Hinh 2.37a

X = 1COS ¢
Loi gidi. a) Dat ¢ y =rsing
z=2z.
T T
<<=
2 5957
Tt x? + y? = 2x suy ra r = 2cos ¢. Do dé: 0<r<2cos¢
0<z<a
Vay
z 2cos ¢ a
1 2
I:/d(p r2dr zdz:...z%
~z 0 0
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2. Tich phdn boi ba 63

X = 1COS @ 0<¢<2m
Loi gidi. b)Pat ¢ y=rsing,tac6 0<r<a
z=2z 0<z< Vaz—1r2
Ta c6
i ’ verr r a1 2ma®
I:/dq)/rdr / zdz:27t/r 5 dr = 5
0 0 0 0 L]

y=Vz2+x2

Bai tap 2.32. Tinh [ = // ydxdydz, trong d6 V giéi han béi: { X
y=nh
1%
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64 Chuong 2. Tich phdn boi

X
X = 1COoS 0< <2
Loi giai. Pat < z=rsing ,tac6 ¢ 0<r<h
y=y r<y<h.

Do d6

h
2_ 2 4
I:/dq)/rdr/ydy:?_n/r.h rdr:ﬂh.
J 2 4
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2. Tich phdn boi ba 65
X = 1COoS @ 0< <2
Loi gidi. Dat { y=rsing,tacé ¢ 0<r <1
z=1z r<z<l1.
Do d6
211 1 1
I:/d(p/rzdr/dz:27T/r2(1—r)dr:%.
0 0 r 0 n

4y <1
lz|] < 1.

Bai tap 2.34. Tinh // Dyl ong 46V
v vV 2424 (2—-2)
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66 Chuong 2. Tich phdn boi

z
|
|
O y
RN I
7
7
//
7
e ———
= ~\\\
X
Hinh [2.34
X =71Cos @ 0< <2
Loigidi. Pat S y=rsing = |[J| =7, Vi : { 0<r <1
7 =z-2 —3<zZ <1
Ta c6
2t 1 —1 0
I:/d(p/rdr/ﬁ
0 0 VI Tz
1
= n/r.ln (z' + /72 -|—z’2> Zi:; dr
0
1 1
=277 /rln(x/r2+1—1>dr—/rln< r2+9—3)dr
0 0
—=2r(l; - b).

Vi limrln <\/rz T1- 1) = limIn ( 219 3) — 0 nén thuc chét I, I, 1 cac tich phan
r—r r—
xac dinh.

Dat Vr2 +1 =t = rdr = tdt, ta co
/rln(x/r2—|—1—1> dr
:/tln(t—l)dt

t2 1 t2
2 2
S R A )

4 2
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2. Tich phdn boi ba 67

Do do

Tuong tu, I, = fz%ln(t—S)—%—%JrCnén

t2—9 2 3t o 1
12_[ 5 ln(t—3)—z—5_ B —51n<\/ﬁ—3>—

Két luan

V2 -1
I=2n(L—DL)=m|In—>2— +3/10-8 -2 .
(h =) V10— 3

Phép d0i bién so trong toa do cau

Trong trudng hop mién V c6 dang hinh cau, chém cau, mui cau,. .. va khi ham lay tich
phan f(x,y,z) ¢6 chia biéu thic (¥ + y? + z2) thi ta hay st dung phép d6i bién trong toa
do cau.

Toa d6 cau ctia diém M(x, y, z) trong khong gian 1a bo ba (7,6, ¢), trong dé:

'r:‘m‘
9:<Oz/,O\—A>/I)
\cpz(Oﬁ).

Z

x = rsinf cos ¢
Cong thic ctia phép ddi bién 1a: { y = rsinfsin ¢

z = rcoso.
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68 Chuong 2. Tich phdn boi

Pinh thic Jacobian | = ( g q)g = —r2sinf. Ta c6 cong thiic doi bién
// f(x,y,z)dxdydz = // f (rsin@ cos @, rsin @ sin ¢, r cos 0) r* sin 8drdfd ¢.
VVG(p

P1 < @< @2, (92— 1 <27)
Dac biét, néu mién Vg, : { 61 (¢) <0< 6, (o) thi

r(0,9) <r<r2(6,9)

p2 62(9) r2(0,9)
I = /dq) / sin 0d6 / f (rsinf cos ¢, rsin @ sin @, r cos 8)r*dr.
1 6i(e) r1(0,9)

1<x2—i—y2—|—22<4

Bai tap 2.35. Tinh /// (x2 + y* + 2%) dxdydz, trong d6 V : s o
v X*+y < zo.

Hinh

x = rsinf cos ¢

Loi gidi. Dat  y =rsinfsing

z = rcos?.
D01<x2+y2+22<4nén1§r§2 Trenmatnoncophtidngtrlnhx +y = 72 nén
0< <2
6 = 7. Vay can lay tich phanla { 0 <60 < %
1<r<2
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Ta co

27 T 2
I = 2/dq0/sin9d9/r2.r2dr = 2.27. (— cos )
0 0 1

5 2
m
Bai tap 2.86. Tinh /// V/x2 + y2 + z2dxdydz trong @6 V : x% +y? + 22 < z.
v
z
I
|
| y
]
O
x
Hinh
x = rsinf cos ¢
Loi gidi. Dat { y =rsinfsin g
z =rcos#.
Nhin hinh v& ta thay 0 < ¢ < 27,0 <0 < Z.
Do x2+y2+22 <znén 0 < r < cosb. Vay
27 2 cos 0 7 1
I = /dq)/sin@d@ / rrtdr = 2n./sin9.z cos* 0d6 = %
0 0 0 0 L

Phép d0i bién so trong toa do cau suy rong.

1. Tuong tu nhu khi tinh tich phan kép, néu mién V c¢6 dang hinh ellipsoit hodc hinh
cau cé tam khéng ndm trén cdc truc toa do nén nghi téi phép ddi bién sb trong toa do
cau suy rong. Khi d6 ta phai tinh lai Jacobian ctia phép bién ddi.
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2. -NéuV:iH4+¥
- NéuV: (x—a)?

+Z =1 thi thuc hién phép déi bién

x = arsinf cos ¢

y = brsin@sing ,] = —abcr’sin 0
z = crcos6
+ (y — b)* + (z — ¢)* = R thi thuc hién phép d6i bién

x = a+rsinfcos ¢
y=b+rsinfsing ,J] = —r*siné

z=c+rcosf

3. Xac dinh mién bien thién caa ¢, 0,r.

4. Dung cong thitc d6i bién tong quat dé hoan tat viéc d6i bién.

Bai tap 2.37. Tinh ﬁ zy/x2 + y2dxdydz, trong d6 V 1a nita ctia khéi ellipsoit * +y + Z—z <

1,z>0,(a,b>0).

Lgi gigi. 1. Toa d0 tru suy rong.
z = b7
bat ¢ x =arcos ¢
y = arsin.
Ta co
0<¢<2m,
0<r<1, ] = a?br
0<z < v1—r2
Vay
27 1 1-r2
I= /dq)/dr / bz’ .ar.a*brdz’
0 0 0
1
1— 2
= 2a3b27r/r2 " ar
2
0
_ 2mah?
15

70

2. Toa 40 cau suy rong.

x = arsinfcos ¢

bat { y = arsinfsin ¢
z = brcosf
Ta co
0<¢<2m,
0<0< 7, ,] = a?br?siné.
0<r«l1
Vay

%
/ / 7 cos 6.ar sin 0.ab sin Odr
0

[
(e}
\S)

= 2a3b2n/c0593m nd@/ ridr
0
27ta3h?
15
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N
N

NP . 2 2 2 . 32 2
Bai tap 2.38. Tlnh///(Z—Z+Z—2+i—2)dxdydz,odoV:Z—z—i—g——ki—zgl,(a,b,c>0).
v

x = arsinf cos ¢

Loi giai. Pat { y = brsinfsing , ta co

z = crcos 6
D (x,y,z) 2.
= _—_ I ) = <@ < <0< <r< .
] D (r,0,9) abcer s1n9,Vr(PZ {09 <2,0<0<r,0<r <1}
Vay
27 T 1 4
I = abc/dqo/d@/rz.rz sinf = %abc.
0 0 0

Toa do cau vs Toa d6 cau suy rong

Phép d6i bién s6 khong nhiing c6 tac dung lam don gian mién lay tich phan, ma trong
nhiéu tinh huéng né con c6 tac dung lam don gian héa biéu thic tinh tich phan. Trong
bai tap sau day, phép d6i bién sb trong toa dd cau suy rong sé lam cho biéu thiic tinh tich
phan don gian hon rat nhiéu so véi phép doi bién trong toa do cau thong thudng.

Bai tap 2.39. Tinh // VZ X%y~ Zdxdydz trong d6 V : 2+ 2 +22 < z.
1%

Hinh

Ldi gidi.
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1. Toa d6 cau théng thuong

x = rsinf cos ¢

Dat { y =rsinfsing
z =rcosb.
Ta c6
0<¢<2rm,
0<0< 7
0 <r<cosht.
cos 6

I—/dgo/de /\/rCOSG 2,12 sin Odr

tich phan nay khong dé tinh

Toa d6 cau vs Toa do tru

2. Toa @6 cau suy rong

Dat

Ta co

x = rsinf cos ¢,
y =rsinfsing,

z = %—I—rcos@.

0<¢<2nm,
0<o8<m,
0<r<i

(o)) < N
»-P":]N \
W=

hinh déng cia mién V va biéu thiic tinh tich phan.

Trong nhiéu truong hdp thi ching ta c¢é thé st dung dude dong thoi ca toa do tru 1an toa

d6 cau. Chang han nhu, tinh // (x? + y?)dxdydz, trong d6 V 1a ntia phia trén ctia hinh cau

T2
/ /\/ — 1272 sin Odr
0 0

N6i chung thi viéc st dung toa d6 cau hay toa d6 tru phu thuédc vao hai yéu t6 chinh:

e Néu mién V c¢6 dang hinh cau, chém cau va biéu thitc tinh tich phan c¢6 chia x% +

y? + 22 thi ta thudng stt dung phép déi bién trong toa dé cau (khi dé x* + y> + z2 = r?).

(khi d6 x> + > = r?).

1%

x> +y?+2z2<1,z>0.

72

e Néu mién V ¢6 dang hinh tru hodc c6 chita mat nén, mét paraboloid va biéu thic
tinh tich phan c6 chia x? + y? thi ta thuong stt dung phép ddi bién trong toa dé tru
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1. Toa d6 cau.
x = rsinf cos ¢,
bat { y = rsinfsin g,
z = rcos#.
0<¢<2rm,
Taco 0<6< 7,
0<r<I1.

I_/d

15

/r sin? 0.72 sin Odr

O\N\:l

2. Toa @6 tru.
X =7rcosg,
bat { y = rsing,
z=2z.

0<¢ <27,
Taco60<r<1,

0<z<V1-—r2

2t 1 V112
I = /d(p/dr / r2.rdz
0 0 0

Tuy nhién, ciing c6 nhitng tinh huéng mac du mién 14y tich phan la hinh cau nhung
viéc st dung toa do tru lai thuén tién hon (vi biéu thic tinh tich phan cé chia x? + y?).
Chéng han nhu, tinh // /1 —x2 —y2dxdydz, trong d6 V 1a nlia phia trén ctia hinh cau

xZ + yz +22 <1,z > 0 (xem hinh vé ctia vi du phia trén).

1. Toa d6 cau.

x = rsinf cos @,
bat ¢ y = rsinfsin g,
z = rcos?f.
0<¢<2m,
TacoS0<6< 7,
0<r<I1.

2r 31
I = /dqo/d@ /\/1 — 12 sin? 0.r% sin Odr
o 0 0

(tich phan nay khéng dé tinh).

2. Toa @6 tru.
X = 1COos @,
bat { y =rsing,
z=2z.
0<¢ <27,

Taco<0<r<1,

0<z<V1-—r2

/dr

1— r2 rdz

\

||
N O\N



74 Chuong 2. Tich phdn boi

2.4 Bai tap on tap
Bai tap 2.40. Tinh

/// dxdydz
I = ,
I (T+xty+2)

trong do'V 1a tit dién gidi han bdi cdc mat phang x = O,y=0,z=0vax+y+z=1.
[Papsél [ =3 (In2—3).

Bai tap 2.41. Tinh

/j zdxdydz,
v

x2 yZ ZZ
a—2+ﬁ+a—2§11(220)'

trong do 'V la nia trén cua ellipsoid

. % _ 7rabc?
[Pap so] I = <.
Bai tap 2.42. Tinh cac tich phan sau

2 2 D N TP TV e
a) l, = B<?+b—2+c—2>,tr0ngd‘oBla ellipsoid 25 + 1 + 5 < 1.

b) I, = /// zdxdydz, trong do C lam mién gidi han bdi mat non z*> = g_i(xz +?) va mat
C
phangz = h.
c) I; = // z2dxdydz, trong do D la phan chung ctia hinh cau x> + y?> + z> < R? va hinh
D
cau x> + y* + z* < 2Rz.
d I, = // (x +y + z)?dxdydz, trong do V 1a phan chung cia paraboloid x*> + y* < 2az
1%
va hinh cau x> + y> + z> < 3a%.
Bai tap 2.43. Tinh thé'tich ciia vat thé giéi han phia dudi béi mat phiang Oxy, mat bén la
cdc mdt phangx = 0,x = a,y =0,y = b, phia trén bdi paraboloid elliptic

x2 yZ
Z_E—{_E’ (P>O,q>0)

Bai tap 2.44. Tinh tich phan
I= //\ /X2 + y? + z2dxdydz,
1%

trong do 'V 14 mién gidi han béi mat x> + y* + 2> = z.
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2. Tich phdn boi ba 75

Bai tap 2.45. Tinh
I = /// zdxdydz,
4
trong do 'V 12 mién gidi han béi cdc méitz = x> +y*> va x> +y> + 22 = 6.
2 A 11
[Pap sol I = ~5~.

Bai tap 2.46. Tinh tich phan

_ xXyz
I = /4/ x2+y2dxdydz,

trong do V 1a vat thé gidi han phia trén béi mat (x> + y* + z2)?> = a’xy va phia dudi bdi
matz = 0.
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76 Chuong 2. Tich phdn boi

§3. CAC UNG DUNG CUA TiCH PHAN BOI

3.1 Tinh dién tich hinh phang

Céng thic tong quat: | S = // dxdy
D

— 23(
Bai tap 2.47. Tinh dién tich ctia mién D gi6i han béi: { y =27
y =4

y=27" \

Hinh

Ldi gidi. Nhan xét: D = D; U Dy, 6 d6

Do dé

Il
N
N
(00)
|

—_—

'.3‘@

N
~__

5= /dxdyz /dxdy-l—//dxdy=2//dxdy=
D Dy D,

D . n
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3. Cdc ung dung ctia tich phdn boi

Bai tap 2.48. Tinh dién tich ctia mién D gidi han béi: { J =
2 =

7 y=2x> A>=2y
2x = y?
x = y?
0] X
Hinh 2,48
Loji giGi. Tac S — // dxdy. Thuc hién phép déi bién
D
2
_ Yy
W= 1<u<?2
) :Duv: P
v:x— 1<v<K?2
y
va
22
]_1:D(M,U):' _2% ?yz ‘:—3
X X
D (x,y) T Ty
Vay
S = // %dudv = :1)—)
DHU
y = 0,y* = dax

Bai tap 2.49. Tinh dién tich mién D giéi han béi
x+y=3ay<0 (a>0).
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78 Chuong 2. Tich phdn boi

O
—6a
Hinh 2.49]
—6a<y<0
Loi gidi. Nhin hinh vé ta thay D : 2 nén
—<x<3a—y
4a
0 3a—y 5
S://dxdy: /dy / dx = / (Ba—y—i—) dy = 18a*
D —6a y2 —6a
e [
. s [Py =2y = A
Bai tap 2.50. Tinh dién tich mién D gidi han béi
x=y,y=0.
y
y=x
0] 2 4 X
Hinh 2.50]
T
e ] ., Jx=rcosg N A .
Loi gidgi. Taco S = //dxdy. Dat thi D : 4 nén
y =rsing 2cosp < r < 4cos¢
z 4cos ¢ z
S:/d(p / rdr = %/12COS (pdqo—S—ﬂ-l—g
0 2cos ¢ 0 u



3. Cdc ung dung ctia tich phdn boi 79

Bai tap 2.51. Tinh dién tich mién D giéi han béi dudng tronr = 1,7 = \% cos ¢.

Chu y:
e 7 = g la phuong trinh dudng tron tam O(0,0), ban kinh a.
e r = 2acos ¢ la phuong trinh duong tron tam (a,0), ban kinh a.

e r = 2asin ¢ 1a phuong trinh dudng tron tam (0,4), ban kinh a.

Hinh 2.57]

Loi gidi. Giao tai giao diém ctia 2 dudng tron:

2
r=1:—cosq)(:>(p=iz.

V3

Do do

Bai tap 2.52. Tinh dién tich mién D giéi han béi duong (x> + yZ)Z = 2a%xy (a > 0).

79



80 Chuong 2. Tich phdn boi

r=a./sin2¢

O
X
Hinh [2.52]
. . . A 7 N, ~ ~ x = rcos \ \
Loi giai. Tham so hoa duong cong da cho, dat { ~, phuong trinh dudng cong
Yy =rsing

tuong duong véi 1> = a?sin2¢. Khao sat va vé dusng cong da cho trong hé toa do cuc (xem
hinh vé [2.52). Ta c6

Bai tap 2.53. Tinh dién tich ciia mién gidi han bdi duong Lemniscate

(x? —i—yz)2 = 2&12(952 — yz) (a>0).

RN
NG

Hinh 2.53



3. Cdc ung dung ctia tich phdn boi

81

[Ggi y] Phuong trinh ctia duong Lemniscate trong toa dé cuc 1a > = 24 cos 2¢, va do tinh
dbi xing ctia mién nén

I & /2cos2¢
> _ / d / rdr = @
T 2
0 0
Bai tap 2.54. Tinh dién tich mién D giéi han béi dudng x° + 1> = axy (a > 0)
(La Descartes).
y
1 __
2
|
4
Y % X
Hinh 2.54] TCX:y = —x — %
A1 o 3 < ., ) X=rcose . R
Tham so hoa duong cong da cho, dat ~ ', phudng trinh duong cong tuong duong
Yy =rsing
voi .
asin ¢ cos @

~ sin¢ 4 cos3 ¢’
Khao sat va vé duong cong da cho trong hé toa do cuc (xem hinh vé [2.54). Ta co

T

0<¢< <
D: ! 2
Vo<, < asingcose

= sin® 3¢
¢ + cos” ¢

Do do

asin ¢ cos ¢
sin3 (p+cos3 [

i 2 [ sin®gcos? ¢ t=tanga?® 1 d (P+1) a?
S:/d“" / rdr:?/ 3 s 29 T 3 =
0 0 o (sin® ¢ + cos® ) "

(B+1)> 6

Bai tap 2.55. Tinh dién tich mién D gi6i han béi dusng r = a (1 +cos @) (a > 0) (dudng
Cardioids hay duong hinh tim)

81



82 Chuong 2. Tich phdn boi

a /\
0)

2a X
—a

Hinh

Loi giai. Ta co

D={0<¢<2m,0<r<a(l+cosg)}

nén
x  a(l+cosg) - )
SzZ/d(p / rdr:az/(1+c08(p)2dq):...:37;61
0 0 0 .

3.2 Tinh thé tich vat thé

Céng thic tong quat:

V= //dxdydz
v

Cac truong hgp dac biét

1. Vat thé hinh tru, mat xung quanh 14 mat tru cé duong sinh song song véi truc
Oz, day 1a mién D trong mé#t phang Oxy, phia trén giéi han bdéi mat cong z =
f(x,y),f(x,y) = 0valién tuc trén D thi V = /f (x,y)dxdy. (Xem hinh vé duéi

D
day).
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3. Cdc ung dung ctia tich phdn boi 83

. z=f(xy)

- ] ———— = >y

2. Vat thé 1a khéi tru, giéi han béi cac dudng sinh song song véi truc Oz, hai mit
z = z1(x,y),z = 22 (x,y). Chiéu cdc mit nay 1én mit phang Oxy ta dudc mién D,
z1(x,y),22 (x,y) la cac ham lién tuc, c6 dao ham riéng lién tuc trén D. Khi doé:

V= [ 121 () — 22 () ldxdy
D

, z =2z1(x,y)
|
|
(@) A
1,7
<1 z = 2p(x,y)
or~—~"""""1 - Y
G
x
3x+y=>1
Bai tap 2.56. Tinh thé tich mién gidi han béi { 3x +2y < 2
y=>200<z<l—x—vy
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84 Chuong 2. Tich phdn boi

z
i y
X
Hinh 2.56
Loi gidi.
1 1
V:/f(xy)dxdy: dy (1—x—]/)dx:1/(1—2]/%—]/2>dy:l
! 6 18"
D 0 1% 0 n

z=14—x* 1>

Bai tap 2.57. Tinh thé tich cia mién V giéi han bai , T,
2z =2+x"+y".

z

Hinh
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3. Cdc ung dung ctia tich phdn boi 85

z =2,
24,2
OxyléD:x2+y2§2.H0nnﬁtatrénDthi4—x2—y22MTwnéntacé:

24,2
V://<4—x2—y2—2+xT+y)dxdy.
D

Loi gidi. Giao tuyén cta hai mét cong: { nén hinh chiéu ctia V 1én mét phang

y x=rcosp . |0< @<
bat thi
y=rsing 0<r<

Do d6

Hinh

X

Loi gidgi. Dox <y < V/3x nén x,y > 0.Tacé

V= / <1 — x? —y2) dxdy.
D

T T

X = rcos TSPs 5

Pat Y thil 4 753
y=rsing 0 <

85



86 Chuong 2. Tich phdn boi

A

Vay

x2+y2+22<4ﬂ2

Bai tap 2.59. Tinh thé tich V : o,
x“+vy° —2ay <0.

Hinh 2.59

Loi gidi. Do tinh chat d6i xting ctia mién V nén
V= 4// \/4a% — x2 — y2dxdy,
D

x> +y? —2ay <0
x> 0.

T
X = rCos 0<p< =
Dét{ gl)t-,hi{ 7572

trong do D la ntta hinh tron D : {

y=rsing 0 <r<2asine.
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3. Cdc ung dung ctia tich phdn boi 87

Vay
z 2asin ¢
V:4/dq) / 402 — r2rdr
0 0
1 %2 ;
o 2 2\ 2 |r=2asin ¢
—4T/§<4ﬂ —T> =0 dq)
0 |
A 2
_ = 3 @3 .3
—3/<8a 8a” cos (p) de
0
32 (2
3 \2 3)°
(2=0
) 2P
Bai tap 2.60. Tinh thé tich clia mién V giéi han béi § 2= 5 + 3
YLy
\ Elz b2 N a

Z
2 2
—_x ¥y
2= + b2
I S <
__________ S i
' i 7
/
| /
I ,/
| s
| 7/
| /// _— V
|
0L
L7 2a X
’
s
/
s
/
’
/7
s
7
’
/ '\
‘ Hinh [2.60]

Ldi gidi. Ta c6 hinh chiéu ctia V 1én mat phdng Oxy lamién D : % + ¥> < 2. Do tinh chét

a2
d6i xtiing ctia mién V nén:
2P
V:2// (a_2+ﬁ> dxdy,
D+
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88 Chuong 2. Tich phdn boi

trong d6 DT 1a nta ellipse D™ : X—Z + Z— < %Tx,y >0

a O < T
X = ar cos =
Dét{ %7 thi |]| = abr, P<3
y = brsing 0<r<2cosg
Vay
z 2cos ¢ 3
V:Z/d(p / r’rdr = :TN.
0 0 ]
. az =x"+y
Bai tap 2.61. Tinh thé tich ctia mién V :
z = /x> + 12
z

. Hinh 2.61]

Loi gidi. Giao tuyén cua hai duong cong:

2 2 X2 + 2 —a
Z:\/xz—l—yz:%@{ y
Vay hinh chiéu ctia V 1én mit phang Oxy 14

D:x*+y* <a%

Nhén xét rang, d trong mién D thi mét nén & phia trén mat paraboloit nén:

2, .2
V= //( X%+ y? — %)dxdy.
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3. Cdc ung dung ctia tich phdn boi

89

. [x=rcose [0<¢p<2n
bat thi
0<r<

y=rsing a.
Vay
27 a 2
v
V:/d(p/(r——)rdr:
0 0

3.3 Tinh dién tich mat cong

Mit z = f(x,y) gi6i han bdi mét duong cong kin, hinh chiéu ctia mit cong 1én mit
phang Oxy 1a D. Gia thiét f (x,y) 1a ham s6 lién tuc, c6 cac dao ham riéng lién tuc trén D.

Khi do:
o= //\/1+P2+q2dxdyfp = fuq="fy
D
. z=f(xy)
O RN S B -y
G ™
L/

3.4 Bai tap on tap

> g P P N . . 2
Bai tap 2.62. Tinh thé tich cua vat thé gidi han bdi hinh tru elliptic Z—; + z—z = 1, mat
2 2
phang z = 0 va paraboloid elliptic 277‘ = ;—i + Z—z (c>0).

%2

Bai tap 2.63. Tinh thé tich ciia mién gidi han béi cdc mat hyperbolic xy=1,xy=9,xz =

4,xz = 36,yz = 25,yz = 49.

[Goi y] Pét u = xy,v = xz,w = yz. Dap s6 V = 64.
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CHUONG 3

TiCH PHAN PHU THUOC THAM SO.

§1. TICH PHAN XAC PINH PHU THUOC THAM SO.
1.1 Gigi thiéu

b
Xét tich phan x4c dinh phu thudc tham sé: I (y) = /f (x,y) dx, trong do f (x,y) kha
a

tich theo x trén [a,b] v6i méi y € [c,d]. Trong bai hoc nay chiing ta sé& nghién ctu mot sb
tinh chat ctia ham sb6 [ (y)nhu tinh lién tuc, kha vi, kha tich.

1.2 Cac tinh chéat cua tich phan xac dinh phu thuéc
tham sé.
1) Tinh lién tuc.

Pinh 1y 8.9. Néu f (x,y)la ham s6 lién tuc trén [a,b] x [c,d] thi I (y)Ia ham sé lién
tuc trén [c,d|. Tuc la:

Y—Yo Yy—Yo

b b
lim 1(y) =1 (o) < lim [ f(x,y)dx = [ f (x,0) dx

(co thé chuyén dau lay gidi han vao bén trong biéu thiic tinh tich phan)

1
Vi du 1.1. Khdo sat su lién tuc cia tich phan I (y) = / W) dx |, vdi f (x) la ham s6
0
duong, lién tuc trén [0,1] .
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92 Chuong 3. Tich phdn phu thubc tham sé.
Loi gidi. Nhan xét ring ham sb g (x,y) = g{f;; lién tuc trén mdi hinh chit nhat
[0,1] x [c,d] va [0,1] x [~d, —c] v6i 0 < ¢ < d bat ki, nén theo Dinh Iy B.9, I (y) lién
tuc trén méi [c,d], [—d, —c] , hay néi cach khéc I (y) lién tuc véi moi y # 0.

Bay gio ta xét tinh lién tuc ctia ham s6 I (y) tai diém y = 0. Do f (x) lién tuc trén
[0,1] nén ton tai m = r[J(f)ulrff(x) >0.Khidé6 f (x) >m >0Vx € [0,1] vavéie > 0 thi:

[ef () 4

ef (x e.m x
I(e) = 0/ 2 €2dx > / mdx = m.arctan—,
[—ef () f
—ef (x —em x
I[(—¢) = / ) dx < / pEa gzdx = —m.arctanz.
Suy ra |I(e) —I(—¢)| > 2m.arctan ¥ — 2m.7 khie — 0, tidcla |I (¢) — I (—¢)| khong
tién t6i 0 khie — 0, I (y) gidn doan taiy = 0. ]
1
Z 2,2
Vi du 1.2. Xét tinh lién tuc cia ham so I (y) = / S dx.
: (x*+y?)
0
1
Loi giGi. Taiy = 0, 1(0) = / —Lidx = —oco, nén ham s6 I (y) khéng xéc dinh tai
0
y =0.
Tai y # 0, cting c6 thé st dung Pinh Iy dé khao sat tinh lién tuc ctia I(y). Khi d6
Z 2__,2 ’ ”
phai xét ham so f(x,y) = % trong khoang [0,1] x [c,d] v6i d > ¢ > 0 bat ki (dé
tranh diém y = 0) giéng nhu trong Vi du[L.1l Tuy nhién, trong truong hgp nay c6 thé
tinh dugc I(y) mét cach truc tiép nhu sau:
Lo, oy o 1
) :/ (x +2y ) 2 Zxxdxz/d<x2fL 2) R
! (x2+y?) " Yy y
Do d6 I (y) xac dinh va lién tuc v6i moi y # 0. n
2) Tinh kha vi.

DPinh 1y 8.10. Gis st vdi méiy € [c,d], f (x,y) la ham 56 lién tuc theo x trén [a,b] va
f]; (x,y) 1a ham s6 lién tuc trén [a,b] x [c,d] thi I (y) la ham sé kha vi trén (c,d) va

b
I'(y) = /f; (x,y) dx |, hay ndi cach khdc chiing ta co thé dua ddu dao ham vao trong
a

tich phan.
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1. Tich phén xdc dinh phu thudc tham sb. 93

Vi du 1.3. Tinh cac tich phan sau:
1
a) I, (a) = /x”‘ In" xdx , n Ia s6 nguyén duong.
0

Loi gidi. * V6iméia > 0, ham s fn(x,a) =x*In" x,n =0,1,2, ... lién tuc theo
x trén [0, 1]

* Vi lirg+ x*In"T'x = 0 nén W = x*In" ! x lién tuc trén [0,1] x (0, +00). m
X—

Nghia 12 ham s6 f, (x,a) = x*In" x thod méan cdc diéu kién ctia Dinh ly
nén:
P 1 1 p 1
! _ a1,.n—1 — “ & 1.-n—1 _ R _
I_1(a) = dzx/x In""" xdx /d(x (x In x) dx /x In" xdx =I, ().
0 0

N

Tuong tu, I,_, = Ly_1,.., ], = I, I} = o, suy ra I, (a) = [Ip (a)]". Ma

1
. 1 11" (=1)"n
IO(DC)—O/'de—“—HiIn(lX)—{a—H} —W

b) [In(1+ ysin®x)dx, vdiy > 1.

O\N\a

Loi gidi. Xét ham sb f (x,y) = In (1 + ysin®x) thoa mén céac diéu kién sau:
e f(x,y) = In(1+ysin®x) xéc dinh trén [0, %] x (1,+c0) va véi mbiy > —1
cho trudc, f (x,y) lién tuc theo x trén [0, 5] .

e Ton tai f, (x,y) = % xdc dinh, lién tuc trén [0, F] x (1, +o0) .

+o00 +o0
1’()—/ tdt _/1 1 1 i
4 I RGN B 7 R S R VRS
= 1 ar(:’cant‘jLoo — ! arctan (t + 1> roo
y 0 Vy+1 4 0
7T

N
<

1 T 1
1— = . .
( w/1+y> 2\ /1+y 1+ /1+y
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94 Chuong 3. Tich phdn phu thubc tham sé.

Suy ra

Iy = [~ dy = min (14 /1

v=[ 1wy = 2/T+y 1+\/1+ y=nin (1+VT+y) +C
Dol(0)=0nénC=-nln2val(y)=nln(1+,/1+y)— nin2. O

3) Tinh kha tich.

Pinh 1y 8.11. Néu f (x,y) la ham s6 lién tuc trén [a,b] x [c,d] thi I (y)la ham s6 kha
tich trénc,d| , va

d d

b b d
/I(y)dy:/</f(x,y)dx> dy/(/f(x,y)dy) dx

c

Vidu 14, Tinh [ =2z, (0<a<b)

Loi gigi. Ham l4y tich phan f(x) = mac du khong xac dinh tai x = 0 nhung

b

lnx

111%)1+ TS ;a = 0 nén c6 thé xép tich phan nay vao loai tich phan xac dinh.
X—r
Ta co:
xb — x b b xY
e = Feb = Fn) = [y = [y (Fow =)
a a
nén

1 b b 1

b
xb — x® 1 b+1
/ In x dx /(/xdy) dx /(/de) 4y /y-l—ldy lna-i—l’

0 0 a a 0

Ban doc tu kiém tra diéu kién vé doi thit tu lay tich phén. n

1.3 Cac tinh chat cua tich phan phu thuoc tham so véi
can biéen doi.
Xét tich phan phu thudc tham sb véi can bién doi

b(y)
/fxy Vdx, véiy € [c,d],a <a(y),b(y) <bVye cd.
a(y)
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1. Tich phén xdc dinh phu thuéc tham so. 95

1) Tinh lién tuc

DPinh 1y 8.12. Néu ham s6 f (x,y) lién tuc trén [a,b] x [c,d] , cdc ham sé a (y),b (y)
lién tuc trén [c,d] va thod man diéu kiéna < a(y),b(y) < bVy € [c,d] thi ] (y) Ia
mot ham s6 lién tuc doi véiy trén [c,d).

2) Tinh kha vi

Dinh 1y 3.18. Néu ham s6 f (x,y) lién tuc trén [a,b] x [c,d] , f]; (x,y) lién tuc trén
[a,b] % [c,d] , vaa(y),b(y) kha vi trén [c,d] va thod man diéu kiéna < a(y),b(y) <
by € [c,d] thi] (y) la mot ham sé kha vi déi vdi y trén [c,d], va

b(y)
I =f W) )~ Faw. e+ [ fxy)
a(y)
1+y
Vi du 1.5. szigrb m‘jfxwz.
y

1+y
Loi gidi. D& dang kiém tra duge ham s6 I (y) = / W lién tuc tai y = 0 dya vao dinh

1+y

1
Iy [3.12, nén 11m / 1+x2+y =1(0) :/119;2 = I m
0

1.4 Bai tap

Dang 1. Tinh tich phan suy réng phu thudc tham s6 bang cach déi thi tu lay

tich phan
b

Gia sit cAn tinh I (y) = / F(x,y)dx

a
B1. Biéudién f (x,y) = /F (x,y)dy.
B2. St dung tinh chat d6i thi tu lay tich phan:

I(y) = /f(xy /(/nydy> /d(/ xde)dy
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96 Chuong 3. Tich phdn phu thubc tham sé.

Dang 2. Tinh tich phin biang cich dao ham qua d4u tich phan.
b

Gia stt can tinh I (y) = /f (x,y)dx

B1. Tinh I’ (y) bang cach I’ (y) = /f; (x,y)dx

B2. Dung cong thiic Newton-Leibniz dé khéi phuc lai I () bang cach I (y) = / I' (y)dy +
C.

B3. Cho mot gia tri dic biét ctia y d€ xac dinh C.

Chu y: Phai kiém tra diéu kién déi thi tu lay tich phan trong Pinh 1y B.11l hoic chuyén
diu dao ham qua tich phan trong Pinh 1y 3.10l

Bai tap 3.1. Tinh / 2=x gy (0< a < b).

Loi gidi. Cach 1: P6i TT lay TP Cach 2: Pao ham qua diu TP
xb — x .
Iy = F(x,b) — F (x,a) ) B
b Pyt I(b) = [ dx.
’ 0
= / F, (x,y)dy
a Ta co
b
= /xydy 1 1
/ _ b _
" y I(b)—o/de—b+1
X
nén: nen
1 by 1 /b
_ _ , |
/ T dx / /xdy dx /I n(b+1)+C.
0 0 a
b 1 .. . 3 R . N .2
_ / /xy dx | dy Th/ay 2t;rla tfu dacAblet b = a vao biéu
/ thic tinh tich phan I(b) ta dudc
a
b
_/ L gy I(a) =04 C= —1In(a+1).
y+1
_lnb+1_ Do d6 I = In 241, "
a+1
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1. Tich phén xdc dinh phu thuéc tham so. 97

Bai tap 3.2. Tinh tich phan sau:

1
a) I(y) = /arctan Jdx. b) J(y) = /ln (x® +?) dx.
0

[Goi y]
a) Bl. Kiém tra I (y) thoa man cac diéu kién ctia Dinh Iy vé tinh kha vi.

B2. Nhan xét rang I'(y) = 1 In %

2
B3. I(y) = arctan% + %ylnlj/r7 +C.

1
B4. Thay mot gia tri ddc biét y = yo vao dé tinh C. Chang han, I(1) = / arctan xdx,
0
va tinh duge C = 0.
b) B1. Kiém tra J(y) théa man céc diéu kién cta Dinh Iy vé tinh kha vi.
B2. Tinh I'(y) = 2 arctan %
B3. I(y) = In(1 + y?) — 2 + 2y arctan %

1
B4. Thay mét gia tri ddc biét y = y vao dé tinh C. Chang han, 1(0) = / In x%dx, va
0
tinh duge C = 0.

%2

Bai tap 3.3. Cho ham sb f(x) = { (x2+y2)2

v 0<xy<1,

0, x=y=0.
Chiing minh rang

[ (fros)ars | (w3
0 \O 0 \0

£ 1 2 °
nghia la ham so I(y) = / f(x,y)dx kha tich trén doan [0, 1] nhung khong thé doi thi tu
, 0
lay tich phan dudc trong truong hdp nay. Hay giai thich vi sao.

Bai tap 3.4. Ching minh ham Bessel

T

I(x) = %/cos(n(p — xsin@)de
0

thoa man phudng trinh Bessel

21 (x) + xL(x) + (x> = 0PI, =0, n=0,1,2,...
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§2. TICH PHAN SUY RONG PHU THUOC THAM SO.

—+o00
Xét tich phan suy rong phu thudc tham s6 I (y) = / f(x,y)dx, y € [c,d]. Cac két qua
a

dudi day tuy phat biéu d6i véi tich phan suy rong loai II (c6 can biang v6 cung) nhung déu
c6 thé ap dung méot cach thich hop cho trusng hop tich phan suy rong loai I (c6 ham duéi
d4u tich phan khong bi chan).

2.1 Cac tinh chat cta tich phan suy rong phu thuoc
tham so.
Gia thiét
e f(x,y) 1a ham s6 x4c dinh trén [a, ) x [c,d],
e v6i mbi y € [c,d] cb dinh, f(x,y) kha tich theo x trén [a,b], Vb > a.
Pinh nghia 3.8. Ta noi TPSR phu thuéc tham s6 la

e hoitutaiy € [c,d| néu/ f(x,y0)dx héi tu, nghia la vdi moi e > 0, ton taib(e,yo) >
a

a (phu thudc vao € va yy) sao cho

[ee]

| fyo)as

b

< € vaimoib > b(e,yp).

b
o) = [ flx,po)dx

e hoi tu trén [c,d) néu I (y) hoi tu tai moiy € [c,d],
e héi tu déu trén [c,d] néu véi moi e > 0, ton tai be > a (chi phu thudc vao e ma khong
phu thuéc vao y) sao cho

(o]

/ f(x,y)dx

b

< € vdi moi b > b. va vdi moiy € [c,d].

b
1(y)— [ flx,)dx

Vidu 2.6. I(y) = / sin(yx)dx hoi tu khiy = 0 va phan ky khiy # 0.
1

400
Vidu27. a) TinhI(y) = / ye ¥ dx  (y > 0).
0
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2. Tich phin suy rong phu thubc tham sé. 99

b) Chiing minh rang I(y) hoi tu déu tdi 1 trén [y, +oo) vdi moiyg > 0.
¢) Giai thich tai sao I(y) khéng héi tu déu trén (0, +co).

[Goi y]

(o]

a) I(y) = —e Y| =1véimoiy > 0.

0

b) Theo dinh nghia, mudn chi ra I(y) hoi tu déu téi 1 trén [yg, +oo) ta phai chi ra véi
mobi € > 0, ton tai s6 be chi phu thudc vao €, khong phu thudc vao y sao cho

b
I(y) — /ye‘yxdx <€, Vb>be.
0

That vay,
/ 1.1
I(y) — /ye_yxdx =1-(Q—eW)|=eW<e ™ < enbub > —lng.
0 Yo
Do d6, ¢6 thé chon b, = yl_o Ini.
c) Tacé
b
I(y) — /yeyxdx =1-(1—et)|=eM.
0
. b
Mubn |I(y) ~ [ ye #dx| <ethie ™ <e & b>LinL Tuy nhién, Ln ! — +oo khi
0

y — 07. Do d6, khong thé chon duge hang s6 be chi phu thudc vao e théa man yéu
cau cua hoi tu deu.

+0o0
Vi du 2.8. Chiing minh rang / e~ ™cosyx = ﬁ vdia > 0 va voi moi y.
0
[Goi y]
—ax a —ax y —ax .z
e " cosyxdx = ————5e " cosyx + ———e " sinyx
—+o0
A —ax _ a
nén /e cos yxdx = st
0

1) Tiéu chuan hoi tu déu Weierstrass
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100 Chuong 3. Tich phdn phu thubc tham sé.

Pinh 1y 8.14. Néu |f (x,y)| < §(x)V (x,y) € [a,+] X [c,d] va néu tich phan suy
—+o0

—+o00

rong / g (x)dx hoi tu, thi tich phan suy rong I (y) = / f (x,y)dx héi tu déu déi vdi
a
€ [c,d].

Vi du 2.9. Chitng minh rang
a) I(y) = /Cx(;sff 1a hoi tu déu trén R.
0

b) I(y / ye ¥*dx (y > 0) héi tu déu trén [yg, +o0) vdi moi yo > 0.

+o00
o I(y) = / e~Y* cos wx hoi tu déu trén khoang [a,b] véi moi0 < a < b vaa € R.
0

2) Tinh lién tuc
Pinh 1y 8.15. Néu ham s6 f (x,y) lién tuc trén [a, +oo] X [c,d] va néu tich phan suy
—+00
rong 1 (y) = / f (x,y)dx héi tu déu doi vdiy € [c,d] thi I (y) 1a mot ham sé lién tuc

a
trén [c,d|, nghia la

lim I(y —hm/fxy /hmfxydx—/fxyo = I1(v0)-

¥y=Yo ¥=Yo Yy=Yo
[oe]
Vi du 2.10. Tinh lim COZS i
Y0 1
0

Vi du 2.11. Chiing minh ring I(y) = / ye ¥*dx khong lién tuc phai taiy =

i / v g / Hm ye % ) dx.
yir([)l‘*‘( ye X) (yﬂ%l*' ye ) X

Hay giéi thich tai sao khong chuyén dudc ddu gidi han vao trong biéu thiic tinh tich
phan trong truong hop nay.

nghia la

3) Tinh kha vi
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2. Tich phin suy rong phu thubc tham sé. 101

Pinh 1y 8.16. Gis sit ham s6 f (x,y) xdc dinh trén [a, +o0] X [c,d] sao cho véi méiy €
[c,d] , ham 56 f (x,y) lién tuc doi véi x trén [a, +oo] va f; (x, y) lién tuc trén [a, +o0] X

—+o0

[c,d]. Néu tich phan suy réng I (y / f (x,y)dx hoi tu va / fy x,y)dx héi tu déu
déi vdiy € [c,d] thil (y) 1a ham s6 kha vi trén [c,d] val' (y / fy x,y)d

+o00
Vi du 2.12. Chiing minh réng tich phan phu thuéc tham s6 1 (y) = / %ﬁ?y)dx

—00

la mot ham s6 lién tuc kha vi doi voi biény. Tinh I' (y) réi suy ra biéu thic cia I (y).
Loi giai. Ta co:

1) f(x,y) = arctan(+ ) Jian tuc trén [—oo, +00] X [—0c0, +00].

1+x2
400 400
2) %(xxjy)’ < 5z, ma / Tz = hoi ty, nén I (y) = / %(xfy)dx héi tu
déu trén [—oo, +00].

Theo DPinh ly[3.15] I (y) lién tuc trén [—oo, +0].

~ / o 1 1 . . / N X A
Hon ntta ‘fy (x,y)) = TG < 15527 Vy; do do / fy (x,y)dx hoi tu déu trén

+00
_ . . 2o tiA N — 1
[—00, +o0]. Theo Pinh 1y[3.16), I (i) kha vi trén [—oco, +-o0], va: I’ (y) / ) e
v 1 _ Ax+B Cx+D
bat e x+y 7T e + 7 e dung phuong phap dong nhat hé sb ta thu
dudc:A = (y2+4) B—y(y2+4) C— 2+4,D— 2+4 Do do:
I / —2x + y 2x + 3y
G [T Ty

_ L or 2 2

=i [ In (1 +x ) + yarctanx + In (1 + (x+y) ) + yarctan (x +y)] 2

I Y

v

—+00

Suy ra I (y) = /I’ (y)dy = 2arctan ¥ + C, mat khac I (0) = / arff;xdx = 0 nén
C=0val(y)=2arctan?. ]
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102 Chuong 3. Tich phdn phu thubc tham sé.
Vi du 2.13. Tinh / _dx
: (x*+y)
—+o00
Loi gidi. Dat I (y) = / 8, fu () = e, Khi do:
0
+oo / +
’ dx dx 1 !
[Infl (y)]y - |:0/ m o / Ty)nﬂ = —n.Iy (]/) = I, = _E (Infl) :
y
TlIOIlg tu, In—l = _ﬁ (Ian) Iy n = _ﬁ (In73) PR Il = - (IO) .
—+o00
Do ds, I (y) = S o (1)) Ma Iy () = [ e = arctan =| . — % nén
» In \Y Pl olYy . oly 1y NG Vo 2./
0
2 n
In (y) = n'( Zn '2 \/12n+1
Van dé con lai 1a viéc kiém tra diéu kién chuyén dao ham qua d4u tich phan.
PRI 2 1 / _ (—1)" N
1) Cac ham so f (x,y) = m,fy (x,y) = (x2+y fy (x,y) = e lién tuc
trong [0, +00) x [¢, +-00) v6i mdi € > 0 cho trude.
1 1 -1 1 =" 1
2) X2ty S e’ | (24y)? | T (2407 T (a24y)" T T (a24e)" !
+o0 +o0
Y A 1 1 X ns .
Ma cac tich phan / x2+€dx, e / de déu hoi tu, do do
0 0
—+o0 +o0
/f(x,y) dax, / f (x,y)d /f (x,y) dx hoi tu déu trén [e, +o0) v6i mdi
0 0
e > 0. ]
4) Tinh kha tich

Pinh 1y 3.17. Néu ham s6 f (x,y) lién tuc trén [a, +oo] x [c,d] va néu tich phan suy
rong 1 (y) héi tu déu déi vdiy € [c,d] thi I (y) 1a ham s6 kha tich trén [c,d] va ta co
thé doi thit tu Iy tich phan theo cong thiic:

+00

/I /(/fxydx)dy!(C/df(x,y)dy)dX-

—+o0
Vi du 2.14. Tinh / Py, (2, B> 0).
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2. Tich phin suy rong phu thubc tham sé. 103

Loi giai. Ta co:

—yx ﬁ
X _ e—,Bx (F(x,y):z“ xj ) a , B
e A C T 3C )=/Fy(x,y)=/e ¥ dy
[—3 ®
nén
teo v Bx +oo [/ P B [ +oo p
/ £ T gx= / (/eyxdy dx =/ /e_yxdx dy = /d_y =In E
X y x
0 0 ® ® 0 ®
Ban doc tu kiém tra diéu kién vé déi thu tu lGy tich phén. [

Vi du 2.15 (Tich phan Gauss).

bat x = ut taco

+o0
G=u / s
0
Ta co
+o0
G2=G / e du
0
+oo +oo
= / (ue”z/euztzdt> du
0 0
+oo [ 400
= / (/ ue(th)”zdu) dt
0 \D0
177 at
:§/1+ﬂ
0
o7
=7
Suy ra

Ban doc tu kiém tra diéu kién vé doi thit tu lay tich phdn.
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104 Chuong 3. Tich phdn phu thubc tham sé.

Vi du 2.16. Chung minh cong thiuc tich phdn Gauss

/exzdx = \/—F(
/ 2

bang tich phan kép.

. o M 2 M 2
Loi giai. Pat Iy = / e Ydx = / e ¥dytacé
0 0

M M M M
I3 = (/exzdx> (/eyzdy) = //e ) dxdy.
00

0 0

Y
D
E C
M/2| M
@) A B X
Hinh 2.16

Vi e*(xzﬂz)dxdy > (0 nén

/e—(x2+y2)dxdy§112w: / e (V) dxdy < /e_(x2+y2)dxdy.
OAE OACE OBD

St dung toa do cuc ta co

hay la

Cho M — +o0 ta dudc
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2. Tich phin suy rong phu thubc tham sé. 105

Vi du 2.17 (Tich phan Dirichlet).

[ee)
/ smx
0
1 (o)
- = /e’“dt,
X

0

Nhan xét

ta co

-]
I

o0
sin x /e ar | dx
0

(0]
/ e *sinxdx | dt
0

QU

t
1412

I
N[N O~ 3 °\8

Ban doc tu kiém tra diéu kién vé doi thit tu lay tich phdn.
72 oo s
Chu y: Ban doc ¢6 thé so sdnh véi mét két qua trong Giai tich III, d61a ). 2 = ”T_l

n=1
Vi du 2.18. Ap dung cong thiic tich phan Dirichlet, ching minh ring
400 400 foo .,
a)/%dx:%. b)/o 1_5#‘17(:% C)/o Etdx = 7
0
[Goi y]

3

a) Ap dung cong thitc ha bac sin® x = 411 sin 3x + % sin x.

b) Ap dung cong thitc tich phan ting phan,
M M
sin x 1—cose 1—cosM sin x
+ / dx = + /

M
/ 1—Lsxdx — _1 (1 — COoSs x) M _
x2 N X € € M X

€ € €

Choe — 0" va M — +oo ta dude

dx.

1—cose . 1—cosM

lim — =0, lm —— =0
e—0+ € M—+oc0 M
Do do,
+ +00
1—cosx sin x 7T
5 dx = = —
X X 2
0 0



106 Chuong 3. Tich phdn phu thubc tham sé.

¢) Hon nua,
—+o00 —+00 x +oo | 2
1—cosx sin® 5 sin” u
>—dx =2 = = >—d
X X u
0 0 0

Vi du 2.19 (Tich phan Fresnel).

T 1 /m T 1 /7
— 1 2 — — — 2 = —
I = 0/sm(x ydx = E\/:' J O/COS(x )dx A\ 5

Pai bién x2 = t ta co

Tu cong thic tich phan Gauss / e " dy = ‘/TE suy ra
0

Ta co

0
7 (3.1)
/ du

Két luan

Ban doc tu kiém tra diéu kién vé déi thu tu lGy tich phén.
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2. Tich phin suy rong phu thubc tham sé. 107

2.2 Bai tap

Dang 1. Tinh tich phan suy réng phu thudc tham sb bang cach déi thi tu lay
tich phan

—+o0
Gia st can tinh I (y) = / f (x,y)dx.
a

d
B1. Biéudién f (x,y) = /F(x,y) dy.
c

B2. St dung tinh chat d6i thi tu lay tich phan:
+oo +oo [ d d [ +oo
)= [ flayix= [ (/F(w) dy) ax= [ (/ F(x,y) dx) dy.
a a C C a

Dang 2. Tinh tich phan suy réong phu thuéc tham sé bang cach dao ham qua dau
tich phan.

—+00
Gia st can tinh I (y) = / f (x,y)dx.
a

—+o00
B1. Tinh I’ (y) bang cach I (y) = / f; (x,y)dx.
a

B2. Dung cong thitc Newton-Leibniz dé khéi phuc I (i) bang cach I (y) = / I' (y)dy +C.
B3. Cho mot gid tri dic biét ctia y dé xac dinh C.

Chu y: Phai kiém tra céac diéu kién d6i thi tu lay tich phan trong Dinh 1y B.17 hoéc
chuyén diu dao ham qua tich phan trong Pinh Iy
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108 Chuong 3. Tich phdn phu thubc tham sé.

X

—+o00
Bai tap 3.5. Tinh / e P gy (4, > 0).
0

Loi gidi. Cach 1: P6i TT lay TP Cach 2: Pao ham qua diu TP
Ta Cé: e —ax —pBx
—tx g px J bat I (a) = / E—5—dx.
T (- ) 0
= F(x,a) — F(x,B) oo
, ! (@) = [ o) dx
[ [ i
P —e Mdx

=
I
o
»—\\

Do d6
+oo [/ P
= ( / e ¥dy | dx I(a) = / I' (a) da

0
ﬁ(+oo = —Ina+C.

/ e Y¥dx | dy
Mat khac, I () = 0nén C = In B.

o 0
B Két luan
_ / dy _ 1. B
y
4

v I=1In é
w
Kiém tra diéu kién chuyén dao ham qua dau tich phan.
V6i f (x,a) = M ta co:
1) f(x,a)= ﬂ lién tuc theo x trén [0, +o0) v6i moi a, B > 0.
2) f,(x,a) = —e*¥ lién tuc trén [0, +00) x (0, +00).
+00 +00
3) / fo (x,0) dx = / —e % dx = —1 hoi tu déu dbi véi a trén méi khodng [e, +00) theo
0 0

—+o00
tiéu chuan Weierstrass, that vay, |—e | < e~ %, ma / e dx = % hoi tu.
0

Ban doc tu kiém tra diéu kién vé déi thi tu lGy tich phén. m
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2. Tich phin suy rong phu thubc tham sé. 109

+o0
—ax? —px2
Bai tap 3.6. Tinh / e Py, (a8 > 0).
0
Loi gidi. Cach 1: P6i TT lay TP. Cach 2: Pao ham qua dau TP.
et _ p=px’ e~y y i g2
2 (F (x,y) == 2 bat I (a) = / %dx.
0
=F(x,a) — F(x,B) Ta cé
« B N
pr— ' pr— _yxz ~ !
[ Bty = [ev<ay r@)= [ fiew)
B a J
nén: +oo ,
_ _ X
+ooe—rxx2 _ e—ﬁxz B / ¢ dx
——— ———dx 0
0 * __yr 1
—+00 ,3 2 \/E
.
/(/@”dy dx = 1) = [ 1 (@) da
0 o

/5<+oo = —Vra+C.

Mat khéc, I () = 0 nén C = /7.,/B.
B Két luém

I(&) = V7 (VB-Va).
Kiém tra diéu kién chuyén dao ham qua dau tich phan.

_ a2 _By2
Véi f (x,a) = % ta co:

706.762

- Xz .« A A s r
x;fﬁ lién tuc theo x trén [0, +-o0) v6i moi a, f > 0.

1) f(x,a)="¢
2) f,; (x,a) = —e~* lién tuc trén [0, +00) x (0, +00).

+oo +00 +oo
3) /f,; (x,a)dx = / —e vy WY / e*yzj—y& = —\/TE\/L& héi tu déu theo « trén
0 0 0
—+o00
¢, +00) theo tiéu chuin Weierstrass, that vay, ¥’ < e~¢ ma / e—e% dx hoi tu.
0
—+o00
Trong chitng minh trén ta da sit dung cong thic / e Vdx = %
0
Ban doc tu kiém tra diéu kién vé doi thit tu lGy tich phan. m
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110 Chuong 3. Tich phdn phu thubc tham sé.

—+o00
Bai tap 3.7. Tinh [ e-sinbisinct, (g > ).
0

Loi gidi. Céach 1: P6i TT lay TP Cach 2: Pao ham qua diu TP
Ta co6: ' . oo
oS bx —sincx bat I (b) = / e-oxsinbx—sinex gy Ta c6
X ' x
Cax 0
—F(x,b) — F(x,c) (P(x, y) = %)
b b / +oo p
R R TV (S
[ [ 0
nén
I = / /e_“x cosyxdy | dx
0 \c a b
b +oo I = /mdb = arCtanE + C
= / / e " cosyxdx | dy
Cb 0 Mat khéac I (c) = 0 nén C = — arctan .
J a2+ 2"
c b c
= arctan — — arctan —. I = arctan — — arctan —.
a a a a

Kiém tra diéu kién chuyén dao ham qua dau tich phan.

" __axsinbx—si )
V6i f (x,b) = e”"¥SESNEE ta ¢6
1. f(x,b) = e“”‘w lién tuc theo x trén [0, +-00) v6i moi a,b,c > 0.

2. f, (x,b) = e~ cos bx lién tuc trén [0, +00) x (0, +00).

3.
+00 “+00 b
/ a
/ fp (x,b)dx = / e " cosbx = <—me_”x cos bx + me_”x sin bx) T
0 0
_a
a2+ b2
hoi tu déu theo b trén méi (0, +-c0) theo tiéu chudn Weierstrass, that vay,
—+o0
le=9% cos bx| < e ma / e~ dx hoi tu.
0
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2. Tich phin suy rong phu thubc tham sé. 111

Trong chiing minh trén ta da sit dung cong thiic

e” ™ cosyxdx = ————=e " cosyx Y __e-ax sinyx,
/ / a% +y? T y? Y
+o0
A — _ a
nén / e cosyxdx = ol
0
Ban doc tu kiém tra diéu kién vé doi thi tu lGy tich phén. n
Bai tap 3.8. Mot cach tuong tu nhu Bai tap 3.7, tinh
+o0 ;
X — COS CX
/ ,—ax€0S cos (2> 0).
x
0
[D’ ;] [ = 11 a?4c?
Hé qua 3.1.
+oo
/ cosbx —coscx In ¢
. :

0
—+o0
Bai tap 3.9. Tinh / e cos (yx) dx.
0

+o00
Loi gigi. bat I (y) = / e~ cos (yx) dx, f (x,y) = e * cos (yx) . Ta c6:
0
1) f(x,y) lién tuc trén [0, +00) x (—0c0, 40).

2) f; (x,y) = —xe~* sin yx lién tuc trén [0, +oc0) X (—o0, +00).
2)
—+o00 —+o00 +00
/ B 2 . _ 1 2. teo 1 2
/ fy (x,y)dx = / —xe ¥ sinyxdx = s sinyx g™ — 5 / ye " cosyxdx
0 0 0
Y
S
5> 1Y)
héi tu déu theo tiéu chudn Weierstrass, that vay,
—+00
/ .2 < _ a2 1 A~
fy(x,y)) <xe ", ma / xe VU dx = Eh()ltu.
0
, 2
Do d6 theo Dinh Iy BT6, 1/} = —§ = = Ce™%.
2
MéI(O):C:‘/TEnénI(y):‘/TEe_yT. »
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112 Chuong 3. Tich phdn phu thubc tham sé.

2.3 Mot s6 tich phan quan trong

Tich phan Dirichlet
sin x T
dx = —
/ b * 2
0
Tich phan Gauss
/ e dx = \/j
2
0
Tich phan Fresnel

/sin(xz)dx = /cos(xz)dx =5 g
0 0

2.4 Bai tap on tap
Bai tap 3.10. Tinh céc tich phan sau

e*ﬂxz

a) /0 %bedx, (a>0)
7T

e) /e"x2 cos bxdx (a > 0),
0

b) /ln(l + ycos x)dx,
0

[e0]

2 .
c) /e_x sinaxdx,
(o)
sin ax cos bx
/ o [ i

[e )
f) /xz”e_"2 cosbxdx,n € IN.
0

X

d) /sinxydx,y >0, oo sin ax sin bx
J h) /0 sinaxsinbs

[Goi y]

®© 7ax2 £
a) Pat I(a) = /0 e;+3b"dx va st dung céng thic dao ham qua dau tich phan. Chu

ring 1(0) = [ L=spbigx = p [ Losospiapy
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2. Tich phin suy rong phu thubc tham sé. 113

b) Pit I(y) = [ In(1 4 ycos x)dx va s dung cong thidc dao ham qua dau tich phan.

Sy

c) Pat I(a / e=* sin axdx va st dung céng thic dao ham qua dau tich phan.
0
d) St dung cong thiic tich phan Dirichlet.

e) Pat I(b) = / e=1% cos bxdx va sit dung cong thic dao ham qua dau tich phan.
0

f) bat I,(b) = / x21e=** cos bxdx va st dung cong thitc dao ham qua diu tich phan dé
ra cong thfIcOtruy hoi.

g) St dung cong thiic bién d6i tich thanh tong va tich phan Dirichlet.

h) St dung cong thiic bién déi tich thanh téng va Hé quaB.1l

Bai tap 3.11. Ching minh rang

& [ SSde=F1-eY), y>o o [ ihax = Few, ay>0
b) / 1-— cosyx _ %M d) /0 e—yxzdx = %, y > 0.

Bai tap 3.12. St dung cong thiic

o)

/ dx 1 ¢ x‘+°° T
——— = —arctan — = —
xX24+a2 a alo 2a’

tinh
I _/ dx
" / (x2 + a2

Bai tap 3.13. Ching minh rang

—+00
a) I(y) = / e V¥SI1X hoi tu déu trén [0, +o0).
0

b) I(y) = 7 — arctany.
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114 Chuong 3. Tich phdn phu thubc tham sé.

Bai tap 3.14. Ching minh rang
+00 .
/ (e_x2 — e_xz) dx =V b —/ma, (a,b>0).
0

Bai tap 3.15. Ching minh rang

—+o00
/ arctan% — arctan%

T, b
J " dx—ElnE, (a,b>0).

Bai tap 3.16. a) Chiing minh rang

70111(1 + a?x?)

T2 =nln(l+a), a>0.

b) St dung cau a), ching minh rang

In(sin0)do = —g In2.

o\..rv\::

Ne gn . . v int
Bai tap 3.17. Ching minh rang / rdx = 3.
0

Bai tap 3.18. St dung tich phan Fresnel ching minh riang
//sim(x2 + y*)dxdy = g
00

Bai tap 3.19. Ching minh rang

+o0
Ap dung, tinh / e~ (F*+x7) g
0
+00
Bai tap 3.20. Ching minh rang I(y) = / yzxe_y"2 khong lién tuc tai y = 0, nghia la
0

—+o0 +o0
li / 230 V¥ / lim y2xe V%
Nim | 7 limy
0 0
Hay giai thich tai sao?
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2. Tich phin suy rong phu thubc tham sé. 115

+oo
Bai tap 3.21. Ching minh rang I(y) = / y?xe~¥* khéng lién tuc tai y = 0, nghia la
0

+oo —+o0
lim/ 2xe VX /lim 2xe VX,
y—0 Y 7& y—>0y

0 0

Hay giai thich tai sao?
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116 Chuong 3. Tich phdn phu thubc tham sé.

§3. TICH PHAN EULER

3.1 Ham Gamma

—+o00
T'(p) = / xP~le=*dx x4c dinh trén (0, +oc0).
0

That vay,
+00

1
I(p) = /xp_le_xdx + / P le ¥dx = I + L.
0 1

—+o00
e Vi tich phan I, ta so sanh véi / i—’;. Ta co
1

1+p
lim <x7’_1e_x : %) = lim X =0,

xX— 400 X x—+oo ¥

o0
ma /1 9 hoi tu nén I hoi tu. Tham chi, tich phan I, héi tu véi moi p € R.

e Vi tich phan I; thi néu p > 1tacé ) thuc chat 1a tich phan xac dinh. Con néu
1
0<p<1lthitasosanhI; véi | <2 . Taco
o * 7

. 1 1
lim (xP~le™*: —— ) =1,
x—0+ xl-p

! 1
ma / 49X 1oi tu nén I; ciing hoi tu. Néu p < 0 thi / x‘f—i‘p phan ki nén [; sé phan
0 0

xl=r

ki.
Céc tinh chéat
1. Habac: T (p+1) = pI' (p) . Cong thiic nay c6 thé chiing minh mot cach dé dang bang
tich phan tiung phan. That vay,

—+o00 ~+o00 “+o0

—+00
I(p+1)= / xPe ™ *dx = — / xPd(e™) = —xPe™™ . +p / xP~le™ = pI(p).
0 0 0

Y nghia: D& nghién citu I (p) ta chi cAn nghién citu T (p) v6i 0 < p < 1 ma théi, con
v6i p > 1 chung ta sé st dung cong thiic ha bac.

2. Dac biét,
e T'(1) =1 (tinh truc tiép) nén T (n) = (n —1)! Vn € N.
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3. Tich phan Euler

o
=
u
)
I

3

N A - . ~ +oo 2 \/E 1 o0 _
e Tu cong thic tich phan Gauss / e ¥ =Yrsuyral <§> = /
0 0

Do d6, T <n+%> = %\/ﬁ

B

—+o0
3. Pao ham ctia ham Gamma: T (p) = / xP~1 <lnk x) e *dx.
0

4. T(p)T(1-—p)=L-V0<p<1

sin p7t

3.2 Ham Beta

xP~1 (1 — x)" 'dx. Biing cach déi bién sé x = L ta s thu dudc:

Dang 1: B(p,q) = 1

(o]

xP—1
(1+x)PHa dx.

Dang 2: B (p,q) =

Vi du 3.20. Biéu thi | sin™ x cos” xdx qua ham B (m,n).

O\N\:{

Loi gidi. Patsinx = vt = 0 < t < 1,cos xdx = %ﬂdt

sin” x cos" xdx = [ sin™ x (1 — sin? x) .cos xdx

O\wm
O\Nm

N =
O\M:i
—
NIF
—~
—_
|
—
N—

=
N‘L
7
NI—
[
—
I
| =
ws)
VR
3
+
—_
Iy
+
[Ey
~_

Tu vi du nay ta suy ra:

Dang luong giac: B (p,q) = 2 [ sin?? !t cos® 1 tdt.

O\N\:

Cac tinh chét:
1. Tinh d6i xing: B (p,q) = B(q, p).

2. Ha bac:

B(p,q) = pi;ilB(P,q—l), néuq >1

{B(P/LI) = pi—;lB(p—l,q), néup >1
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118 Chuong 3. Tich phdn phu thubc tham sé.

Y nghia caa cong thitc trén 6 ché mudn nghién ciru ham béta ta chi cAn nghién citu
no6 trong khoang (0,1] x (0, 1] ma théi.

3. Pachbiét, B(1,1) = 1 nén

(m+n-1)1 7

B(p,n) = (n—1) pB(p,l) Vn € N.

{B(m,n) = DDy e N
= (pn-1)(p+n-2)..(p+1)

4. Coéng thic lién hé gitta ham Béta va Gamma: B (p,q) = l"r(p)l"(q)'

Chiing minh.

Ta co
—+o00 400 +o00

—+o00
T(p)T(q) = /tp_le_tdt/sq_le_sds: / /tp_lsq_le_(t+s)dtds.
0 0 0 0

Ap dung cong thiic d6i bién t = xy va s = x(1 — y) ta dudc

{O<t<+oo, :>{O<x<+00, :D(t,s): y Y,
0<s< 4o 0<y<l1 ' D(x,y) -y —x .
Do do,

1 4oo

L(p)T(q) = [ [ e e lyr 12971 (1 = y)7 Lxdxdy
0 0
+00 1
= /e_xxp+‘7_1dx/yp_1(l — )1 1dy
0 0

I'(p+4q)B(p,q).
5. B(Pfl_p) = r(p)r(l _p) - sinnpﬂ'

Vi du 3.21. Chiung minh cong thiic lién hé giita ham Béta va Gamma B (p,q) = L(p)T(g)

béang tich phan kép.

“+o0

Loi gigi. Xuét phat tit cong thie I'(p) = / xP~le=*dx thuc hién phép d6i bién x = > ta
0
dudce

+o00 +o0
I'(p) =2 / e 2P lgr =2 / e x4y,
0 0

Do do,
—+o00 +00o

T(p)T(q) =4/ /e_(x2+y2)x2”_1y2‘7_1dxdy.
0 0
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3. Tich phan Euler 119

M rM
Dit I = / / e~ () 201201 gxdy Tac6 Lm = F(p>4r<q)_
0 0

M—+00]
y
D
E C
M/2| M
@) A B x
Hinh 2.16]

Ta co
/ e I 2P 120 gy < Ty < / e (22 iy,

OAE OBD
01 A% X = rcos @, )
Thuc hién phép doi bieén s6 trong toa do cuc ¢ ta cé
Yy =rsing
2 M
[(cos g1 (sin g 1dp [ rPri21-terdy
0 0
<Iy < (3.2)
7 MV?2
[ R,
0 0
Ta co
M 400
lim /r2P+2”7‘1e"2dr _ / P2+ =117 3, _ I'(p+q)
M—+o00 2
0 0
va
M\@ +o0
lim A P / PPt —1o=r gy — Ilp+q) q).
0 0
Ngoai ra,

1y _ 1
(cos 9)2~(sin @)~ dg = B(p,q).

o\mm
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120 Chuong 3. Tich phdn phu thubc tham sé.

Cho M — +oo trong bat dang thic B.2) ta dudc

1 1 T(p)T(q) 1 1
1 1 ~I(pr(g) _1 1 |
B a)5T(p+a) < === < 5B(p.a)5T(p +4)
Do ds,
I'(p)T(q)
B 2 p—
(p.q) T(p 1 o) .
3.3 Bai tap
Bai tap 3.22.
%
a) / sin® x cos? xdx.
0
Loi giai. Ta co
175y _1r@rE) _1TE)reel) 1 $EEE e
27\2'2) 2" T(6) 2 T (6) =3 50 =55

a
b) /xz”\/a2 —x2dx (a>0).
0

N\, * * D . v} _ _Ldt
Loi gidi. Pat x = av/t = dx = o

1

1
1 adt a2n+2 1 1 a2n+2 13
I=[a*"a(l1—1)2. = ./t”_z 1—t)2dt = B ~, =
0 0 -
1 3 _
@l (n+3)TE) e ot maE @2 n 1)1
2 T (n+2) 2 7 (n+1)! 2 (2n+2)!
+00
c) /xloe_xzdx.
0
~ . « o . 1) _ _ﬂ
Loi gidi. Pat x =t = dx = o
+o00 +o00
[ /tse—tﬂ_l/tge_fdt_lr 11\ _190m 9w
B 2VE 2 S 22\2) 202> 267



3. Tich phan Euler

121

+oo
N
@ [ L
0
Loi gidi. Pat x2 =t = 2xdx = dt
+00 ﬂ dt 1 +o0 . o _l
2 t—adt p =
e /(1+t)2 U _
0 0 p + q -
Vay

e) / 1—:x3 dx.
0

UJI»—\
|
@IN
[
=

Loi gidi. Patx3 =t = dx =

too 2
I_l/tadt_lB(lz)_l B
30 1+t 3 \33 3sing  34/3

—+00

D [ drmdy, 2<neN),

0
Loi gigi. Dit x" =t = dx = L ldt

+00 nil g1 +00
tw L =tn i dt 1 P 2
1= [t S : 2dt:—B(—+1,1
: (1+1) 7’10 (1+41) n n
1 B(21-2)-2_*
o (E4+1)+(1-2)-1 \n" n)  nlsin(ZF)
dx, n € N*

Loi gigi. Dat x" =t = dx = Lt ldt

1 1
1
/ / (1-1) ndtz—B(—,l——
n n n
0 0

121
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=
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Chuong 3. Tich phdn phu thubc tham sé.

Bai tap 3.23. Chiing minh cong thiuc Jacobi

[Goi y] Viét

_ T(p)I'(q)
D= T 1)

I(p) = / e VyPldy,T(q) = / e~y dx.
0 0

D(p)T(q) = [ [ e vat TyrTdxdy.
0 0

Thuc hién phép d6i bién s6 x = u(v — 1),y = uv dé suy ra

I(p)T(q) =T(p+4q)B(p.q)
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CHUONG 4

TicH PHAN DUONG

§1. TICH PHAN PUONG LOAI I

1.1 Pinh nghia

Cho ham sb f (x,y) xac dinh trén mét cung phang AB . Chia cung AB thanh 7 cung
nho, goi tén va do dai ciia ching 1an lugt 1a Asy, Asy, ...As,,. Trén mbi cung As; lay mot diém
2 . n
M; bat ki. Giéi han, neu co, caa Y. f (M;) As; khi n — oo sao cho max As; — 0 khong phu
i=1
thuodc vao cach chia cung AB va cach chon cac diém M; dudc goi 1a tich phan dudng loai
mot ctia ham s f (x,) doc theo cung AB, ki hiéu 1a / f(x,y)ds.

AB
Chuy:

e Tich phan duong loai mot khong phu thudc vao huéng ctia cung AB.

e Néu cung AB c¢6 khdi luong riéng tai M (x,y) 1a p (x,y) thi khéi lugng ctia né 1a
/ o (x,v) ds. néu tich phan d6 ton tai.
AB

e Chiéu dai cta cung AB dudc tinh theo cong thic | = / ds.
AB
e Tich phan dudng loai mét c6 cac tinh chat giéng nhu tich phan xéc dinh.
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124 Chuong 4. Tich phdn duong

1.2 Cac cong thuc tinh tich phan duong loai I

1. Néu cung AB cho béi phuong trinh y = y (x) ,a < x < b thi
b
[ Feyyds = [ £y )y/1+y2 (x)dx. 1)
AB a

2. Néu cung AB cho béi phuong trinh x = x (y),c <y <dthi

d

[y = [ F)my/1+x2 vy @)
1@ c

3. Néu AB cho béi phuong trinh x = x(t),y =y(t),t1 <t <t thi

[5)
[ s = [ £t y0)y/x2(0) +y2 (0t )
AB f

4. Néu cung AB cho béi phuong trinh trong toa do cuc r = r (¢), 91 < ¢ < @, thi coi né
nhu 14 phuong trinh duéi dang tham s6, ta dude ds = /72 (@) + 2 (¢)dg va

P2
[ Fyyds= [ £r(g)cosgr(p)sing)\/12(9) + 12 (g)dg )
AB ¢1

1.3 Bai tap

Bai tap 4.1. Tinh / (x —y)ds, C la duong tron co phuong trinh x> + y?> = 2x.
C

o . x =1+4cost
Loi giai. Dat ,0<t <2
y =sint

27
I :/(1+Cost—sint) \/(—sint)z-i—cosztdt =271
0

x =a(t—sint
( ) ,0<t < 2m,a > 0.

Bai tap 4.2. Tinh / y2ds, C I dubng cong
z y=a(l—cost)
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1. Tich phdn duong loai I

Ldi gidi.

¥ (#) = a(l-cost) = \/x’2 () +y?(t) = 2asin£

27
) 5 .t 25643
= - 2asin —dt = .
=1 /11 (1 —cost) asm2d E
0

x =a(cost+tsint
Bai tap 4.3. TJhb/\/xz—kyzds,C la duong ( ) ,0<t<2m,a>0.
z y =a(sint —tcost)

Ldi gidi.

"(t) = at t

X ( ) at cos - \/xlz (t)+y/2 (t) — at
y' (t) = atsint

3

27
=] = / \/az [(cost—l— tsilmf)2 + (sint — t cos t)z} atdt = %
0

( (1+4m2)° — 1)

Bai tap 4.4. Tinh tich phan duong

QI

I —i—y%) ds,

L

trong do L la duong Astroid X5+ y% =43 (a > 0).
y

o x
Hinh [4.4]
X =acos’t, . o ..
va dua vao tinh doi

[Goi y] Tham s6 héa dudng cong
y=asin’t, (0 <t <2ma>0)
7
3.

xting cia duong cong va ham dudi dau tich phan dé tinh I. Pap s6: I = 4a
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126 Chuong 4. Tich phdn duong

Bai tap 4.5. Tinh
I= /(x2 + y? 4 2%)ds,
0

trong do v 1a duong xoan oc cho bdi phuong trinh tham s6

X = acost,
y = bsint,
z="0t, (0<t<2mab>0).

[Dép s6] I = 27/a + 12 (a2 + $7207)

1.4 Bai tap on tap
Bai tap 4.6. Tinh d¢ dai cac cung sau day.

2
3

a) x%+y%:a (a >0).

©)

Hinh4.6a

b) y*> =2px, x € [0,a],p > 0,a > 0.

¢) x = cos*t,y = sin*t.

d) x =a(t—sint),y =a(l —cost), (0 <t <2m).
Bai tap 4.7. Tinh cac tich phan duong loai L.

a)l = / xyds, trong do L la cung ellip Z—; + Z—i = 1 ndm trong goc phan tu thit nhét.
L

b) 1= / \y|ds, trong do L la duong Cardioid r = a(1 + cos ¢) (a > 0).
L

126



1. Tich phdn duong loai I 127

a /\
O

2a X
—a

Hinh

c) = / ly|ds, trong do L Ia cung Lemniscate (x* + y*)? = a?(x*> — y?).
L

r=a./2cos2¢

(NN
N

Hinhl[4.7c

d = /\/x2 + y2ds, trong dé L duong tron x* + y* = ax.
L

el = / x?ds, trong do L 1a duong tron x> +y*> + 22 = a®, x +y+z = 0.
L
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128 Chuong 4. Tich phdn duong

§2. TICH PHAN PUONG LOAI II

2.1 Pinh nghia

Cho hai ham s6 P (x,v), Q (x, y) xdc dinh trén cung AB. Chia cung AB thanh 1 cung nhé

As; béi cac diém chia Ag = A, Ay, Ay, ..., Ay = B.Goi toa do ctia vecto A; _1A; = (Ax;, Ay;) va
2 o 2 X .« s A , 2 g LC

lay diém M; bat ki trén moi cung As;. Gidi han, néu ¢6, cia tong ). [P (M;) Ax; + Q (M;) Ay;]

i=1
sao cho max Ax; — 0, khéng phu thudc vao cach chia cung AB va cach chon cac diém M,;

dudc goi 1a tich phan duong loai hai ctia cac ham s6 P (x,y), Q (x,v) doc theo cung AB, ki
hiéu la / P(x,y)dx+ Q(x,y)dy.
AB
Chuy:
e Tich phan duong loai hai phu thudc vao huéng ctia cung 273, néu déi chiéu trén duong
14y tich phan thi tich phan déi dau, / P(x,y)dx+Q(x,y)dy = — / P(x,y)dx+ Q(x,y)dy.
AB BA

e Tich phan duong loai hai c6 cac tinh chat giéng nhu tich phan xac dinh.

2.2 Cac cong thuc tinh tich phan duong loai II

1. Néu cung AB dugc cho béi phuong trinh y = y (x), diém dau va diém cubi tng véi

x=ua,x =bthi
b
[ Pax+Qay = [ [P(xy () +Qxy () ()] dx. (5)
A\B a
2. Néu cung AB dugc cho béi phuong trinh x = x (y), diém dau va diém cudi tng véi
y=c,y=dthi
d
[ pax+Qdy = [ [P(x(v) X' ()] dy,y) +Q(x(v), ). (6)
@ c

x = x(t
y=y(t)

3. Néu cung AB duge cho béi phusng trinh { , diém dau va diém cubi tuong

I'Ing viit = f1,t =1 thi
[ Pax+Qdy= [ [P(x(t),y(0) 2 () +Qx (0 y ()Y (0] de (7)
AB h
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2. Tich phdn duong loai 11 129

Bai tap
Bai tap 4.8. Tinh / (x2 — 2xy) dx + (2xy — y?) dy, trong dé AB la cung parabol y = x* tir
AB

A(1,1) dén B (2,4).

Loi gigi. Ap dung cong thic (5) ta c6:
I = /2 [(xz —2x3) + (23(3 — x4> .2x] dx = _;L)_(l).
1

Bai tap 4.9. Tinh / (x? —2xy) dx + (2xy — y?) dy trong do C la dudng cong xdc dinh bdi
C

x = a(t—sint)

mot nhip cycloid { theo chiéu tang ciat,0 <t < 2m,a > 0.

y =a(l —cost)

A
- X
O n 27a
Hinh 4.9
o | ¥/(t) = a(1 — cost) )
Loi giai. Ta co nén:
y'(t) = asint
21
- /{[2a(t—sint) —a(1 = cost)] a(1 — cost) +a(t —sint).asint} dt
0
27
= a? / [(2t —2) +sin2f + (t — 2) sint — (2t — 2) cos t]dt
0
27
= a? / [(2t —2) + tsint — 2t cos t]dt
0
= a? (47r2 — 67r) .
n
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130 Chuong 4. Tich phdn duong

Bai tap 4.10. Tinh / 2 (x24+y?)dx+x (4y +3)dy 6 do ABCA la duong gap khuc di
i ABCA
qua cac diém A(0,0),B(1,1),C(0,2).

1___

|
0 I
Al 1 X

Hinh
phuong trinh dudng thang AB : x = y

Loi gidi. Tacé ¢ phuong trinh dusng thang BC : x = 2 — y nén
phuong trinh dudng thang CA : x = 0

(= [t [ ]

AB BC CA

1 2
:/[2<y2+y2>+y(4y+3)} dy+/2[(Z—y)2+y2](—1)+(2—y) (4y +3)dy +0
0 1
3

Bai tap 4.11. Tinh / LY ong d6 ABCDA 1a duong gap khiic qua cde diém

[*[+1y]
ABCDA
A(1,0), B(0,1),C(—1,0), D(0, —1).

DZNN
N

D

Hinh Z.11]
Loi gidi. Ta c6 m
(AB:x+y=1 =dx+dy=0
BC:x—y=-1 =dx=dy

CD:x4+y=-1 =dx+dy=0

| DA:x—y=1 =dx=dy
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2. Tich phdn duong loai 11 131

nén
:/...+/...+/...+/
DA
de 2dx
_o+/ /
xX—=Yy
_ /2dx+/2dx
n
x = tsin v/t
Bai tap 4.12. Tinh / e +y ~Y———dx + dy trong do y—tcos\f theo chiéu tdng cia t.
0<t< ”
x = u?sinu x' (1) = 2usinu + u? cosu
Loi gidi. Patu = V/t=0<u < 7, = (1)
y = u?cosu y' (u) = 2ucosu — u?sinu
Z u
I:/[E <2usmu—|—u cosu)+2ucosu—uzsmu] du
0
7T u3
:/(?—i—Zu) cos udu
0
3 »
= —= 2
2T
n

2.3 Cong thiuc Green.

Huéng duong cua duong cong kin: Néu dudng lay tich phan 1a duong cong kin thi
ta quy uéc huéng duong caa duong cong la huéng sao cho moét ngudi di doc theo duong
cong theo hudng iy sé nhin thiy mién giéi han béi né & gan phia minh nhit nam vé phia
bén trai.
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132 Chuong 4. Tich phdn duong

Gia stt D C R? 1a mién don lién, lién théng, bi chan véi bién giéi oD 1a duong cong kin véi
huéng duong, hon nita P, Q cung cac dao ham riéng cAp mét cia ching lién tuc trén D.

Khi dé6
/ Pdx + Qdy = // < )dxdy
Chuy:
oP
e Néu 9D c6 huéng Am thi /de + Qdy = / — — @>dxdy

e Trong nhiéu bai toan, néu C la duong cong khong kin, ta cé thé bo sung C dé dudc
duong cong kin va ap dung cong thic Green. Tat nhién, sau dé phai trit di phan da
b6 sung.

Bai tap 4.13. Tinh cac tich phan sau / (xy +x+y)dx + (xy + x — y) dy bang hai cdch:
C
tinh truc tiép, tinh nhd cong thitc Green roéi so sanh cdc két qua, vdi C la duong:

a) > +12 = R?

dh
NP

Hinh a
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2. Tich phdn duong loai 11 133

1. Tinh truc tiép. 2. Su dung cong thuc Green.
Tham so hoa duong cong P(x,y) = xy+x+y
x = Rcost
=0<t<2m. Qx,y) =xy+x—y
¥ = Rsint 20 9p
Ta co Taco5i =3y =y—%

I[=.. Iz//(y—X)dxdy

= R? / (cos tcos 2t + sin t cos 2t) dt dxdy — /xdxdy
D

0

I
S o=
@

= O. =
b) x* +y*=2x
y
’ U x
Hinh[4.13 b
1. Tinh truc tiép. 2. St dung cong thuc Green.
Vid+y>? =2x & (x—1)2+y> =1 P(x,y) =xy+x+vy

nén tham sé hoa duong cong

Ta co Q(x/y) :Xy—l-x—y
x=1 t
+ cos ,0§t§27‘[ aa_%_‘g_ly):y—x
y =sint
ta dudc
27 I = // (y — x) dxdy.
1= /[(1 + cost)sint + (14 cost) + sin ] (x—1)242<1
0
x (—sint)dt pa T T,
o y=rsing 2 2
—i—/[(l + cost)sint 4 (14 cost) — sint] 3 2cosg
0 I = /dqo / (rsing —1—rcos ¢)rdr
X cos tdt -z 0
= —Tt. = —7T.
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c) x—2+z—2:1,(a,b>0).

1. Tinh truc tiép

_ |x=acost o
Dat = q x/(t) = —asint
y = bsint

(—ab sin? t + ab cos? t) dt

Il
S ety

Bai tap 4.14. Tinh /

x24+y?=2x

2 (y+5)dy—y* (x+

2. Su dung cong thiuc Green
P(x,y) = xy+x+y
Q

(v y) =xy+x—y

9Q 9P
=% oy Y X

=1 = /(y—x) dxdy

D
= //ydxdy— //xdxdy
D D

%) dx.

N

Hinh
Loi gigi. Ap dung cong thic Green ta c6:

)

_ [ (9Q 0P _ 32,3, _3 (2,2
I_D/(ax ay)dxdy_D/<4xy+4x +4y )dxdy—4D/<x +vy )dxdy.

( vi /4xydxdy = 0) .
D

X = 1COS @
= rsin ¢
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2. Tich phdn duong loai 11 135

Bai tap 4.15. Tinh ¢ e*[(1—cosy)dx — (y —siny)dy] trong dé OABO la duong gap
OABO
khiic 0(0,0), A(1,1), B(0,2)

y
B
oA
|
o/ |
1 X
Hinh [4.15]
P(x,y) = e* (1—
Loi gigi, Pat T Y = C%w =30 P ey,
Q(x,y) = —e* (y —siny)
Ap dung cong thic Green ta c6:
I= / —e*ydxdy
D
1 2—x
= / dax / —e*ydy
0 X

N| =

1
/ex (4x —4) dx
0

=4 — De.

Bai tap 4.16. Tinh ¢ (xy+e'sinx+x+y)dx — (xy —e ¥ +x —siny)dy
x24y2=2x

4
A

Hinh
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136 Chuong 4. Tich phdn duong

P(x,y) =xy+e'sinx +x+
Loi gidi. Dat 4 T (Y) =y Feisinxtxty TR
Q(x,y) =xy—e ¥V +x—siny Y

Ap dung cong thic Green ta cé:

I://—y—x—dedy
D

://—x—dedyvi /ydxdy:0
D

D
X=r
dit P L T o< o<r<2cosg
y=rsing 2 2
2cos ¢
dg / (—rcos ¢ —2)rdr
0

\N\E

[SE}

= —3r.

Bai tap 4.17. Tinh § (xy* + x> +ycos xy) dx + <§ + xy? — x + x cos xy) dy
C

X =acost
trong do C (a >0).
y =asint

any
N

Hinh 4.17]
P (x,y) = xy* + x*> + ycos x
Li gici. Pap 4T %Y J S o5 Y 90 9P 0202 gy
Q(xy) =% +xy*> — x + xcosxy Y
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2. Tich phdn duong loai 11 137
Ap dung cong thic Green ta c6:
I = //x2 +y? — 4xy® — 1dxdy
D
_ 2.2 N 3 _
= //x +y° — ldxdy vi //4xy dxdy =0
D D
ast {7 TP So<p<2m0<a
y=rsing
2 a
:/d(p/<r2—1>rdr
0 0
4
(%),
n

2.4 Ung dung cua tich phan dudng loai 11
Ap dung cong thiic Green cho ham sb P(x, y),Q(x,y) thod man %—% -

S(D) = /1dxdy = /de—|— Qdy.
D aD

e Ly P(x,y) =0,Q(x,y) = x thi S (D) = /xdy.

aD
e Liy P(x,y) = —y,Q(x,y) =0thi S (D) = /—ydx.
oD
e Lay P(x,y) = 1x,Q(x,y) = Jy thi S (D) = %/xdy — ydx.
oD

Bai tap 4.18. Tinh dién tich ctia mién elip ;C—; + i—i <1.

[Goi y] Phuong trinh tham sb cia dudng elip 1a x = acos 6, y = bsin6. Do dé6
1 1 27
5= 574 xdy — ydx = /(a cos8)(bsin6)d8 — (bsin6)(—asin8)de = rab.
C
0

Bai tap 4.19. Dung tich phan dudng loai II, tinh dién tich ciia mién gidi han béi mot nhip

X =a(t—sint
cycloid (£ =sint) va Ox (a > 0).

y=a(l—cost)
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138 Chuong 4. Tich phdn duong

Yy m
A
, x
X a6 27ta o n 27ta
Hinh

Loi gigi. Ap dung cong thic

0
S(D) = /xdy = / xdy + / xdy = /a(t—sint) .asintdt = 37a®,
oD AmO OnA 27

Bai tap 4.20. Dung tich phan duong loai II, tinh dién tich cia mién gidi han béi duong
Astroid x = cos® ty = sin®t,0 <t < 27.

©)

Hinh

. £ _ 3m1d?
[Pap so] S = %.

Bai tap 4.21. Dung tich phan duong loai II, tinh dién tich ciia mién gidi han béi duong
sau

a) x> +vy3 = 3axy,a > 0 (I4 Descartes, xem thém Bai tap(2.54).
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2. Tich phdn duong loai 11

<

NI—

A
NlH— — —
=

Hinh[Z.Z1a TCX:y = —x — 3

2 _ a?
cost g+sin* @

SR
.

Hinh

2.5 Piéu kién dé tich phan dusng khéng phu thudc
duong lay tich phan.

Gia st rang D 1a mién don lién, lién théng, P, Q cung véi cac dao ham riéng cip mot

cta ching lién tuc trén D. Khi d6 bén ménh dé sau la tuong duong:
0 oP

1. Q

%~ ay v6i moi (x,y) € D.

2. / Pdx + Qdy = 0 v6i moi duong cong déng kin L nam trong D.
L

3. / Pdx + Qdy = 0 khéng phu thuc vao duong di tu A dénB, véi moi dusng cong AB
AB

nam trong D.

139
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140 Chuong 4. Tich phdn duong

4. Pdx + Qdy 1a vi phan toan phan. Nghia 1a c6 ham s6 u(x,y) sao cho du = Pdx + Qdy.
Ham u c6 thé dude tim theo cong thic:

X y X y
u(ry) = [ Pryo)dx+ [ QG y)dy = [ Pxy)dx+ [ Qlxoy)dy
X0 Yo X0 Yo
Giai bai toan tinh tich phan duong khong phu thudc duong di:

1. Kiém tra diéu kién P, = Q,. (1)

2. Néu diéu kién (1) dudc thoa man va dudng 14y tich phan 1a duong cong kin thi I = 0.

3. Néu diéu kién (1) dudc thod man va can tinh tich phan trén cung AB khéng déng
thi ta chon duong tinh tich phan sao cho viéc tinh tich phan 14 don gian nhét, théng
thudng ta chon 1a dudng thang nbi A véi B, hoic dudng gap khic ¢6 cac canh song
song véi cac truc toa do. Mat khac, néu tim dude ham F sao cho du = Pdx + Qdy thi
I=u(B)—u(A).

(30)
Bai tap 4.22. Tinh / (x* + 4xy®) dx + (6x%y* — 5y*) dy.
(=21)
y
—2 B
: O X
|
A —11 C
Hinh

Loi gidi. Nhan xét rang (x* + 4xy3)ly = (6x?y? — 5]/4); nén tich phan da cho khong phu
thudc vao dudng di. Vay ta chon dudng di 1a duong gip khiic ACB nhu hinh vé.

I = /de—l—Qdy-l—/de—l—Qdy:62.
AC CB

(2,7)
Bai tap 4.23. Tinh / (1 - z—icos %) dx + (sin? 4+ £ cos Z) dy.
(1,7)
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2. Tich phdn duong loai 11 141

2nr---3B

O 1 2 X

Hinh

2
le—z—zcosZ

Loi gidi. Dat oy x , :>g—1y) = %—% = ig cos L + y3 sinZ nén tich phan da
Q = Slnz‘i‘}COS}

cho khéng phu thudc vao duong di tt A dén B. Khi dé ta chon duong lay tich phan la

duong thang AB, né c6 phuong trinh y = 7X.

2 2
/ 1—7T cosn) dx—i—/ (sin 7t + 7t cos ) mdx = 1.
1 1
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CHUONG 5

TICH PHAN MAT

§1. TICH PHAN MAT LOAII

1.1 Dién tich mat cong

Xét mét cong cho bdi phuong trinh tham sb

- g

r(u,v) = x(u,v).i+y(t).]+z(t). k.

0 u

Pé don gian ta chon mién D 1a hinh chit nhat va chia D thanh cac hinh chit nhat con c6
cac canh song song vdi cac truc toa do Ou va Ov. Gia st S;; 1a anh ctua hinh chtt nhat R;;.
Khi do

ry = ry(u,vj) vary, = ry(u;, )
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144 Chuong 5. Tich phdn mat

(i)

(b

14 céc véc to chi phuong cia mit phang tiép dién cta mét cong S tai diém P;.
A d kd /7 A', //\ 2 2, A d kd N ~ N / . N %
Dién tich cua S;; ¢6 thé duge xap xi béi dién tich cua hinh binh hanh ¢6 hai canh 1a P;;P; 1 ;
e P
va Pi]'Pi/]'+1. Do dO,

\

S(SZ]) ~ ‘PijPi+1,j N Pijpi,jJrll ~ \(Auru) N (AUTU)‘ = \ru N Tv’AMAU.

Vay cong thiic tinh xap xi dién tich ctia mat S 1a
n

m
Yo ) |t Aro|Audo.
i=1

j=1

Nhan xét rang néu chia mién D thanh cidc manh cang nhé thi céng thic tinh xap xi
trén cang tot. Pong thoi, cong thic & vé phai chinh 14 tong Riemann cta tich phan kép
/ |1y A 1p|dudv. Diéu nay dan ching ta téi dinh nghia sau:

D

DPinh nghia 5.9. Cho mét cong S tron, cho bdi phuong trinh tham s
r(u,v) = x(u,0)i+y(t).j+z(t)k (u,0) € D C R

va S chi duoc phii mét 1an khi (u,v) bién thién trén mién D. Khi do dién tich ciia mét cong

S duoc dinh nghia bdi
S = // |7y A ry|dudo,
D

Fy = a—u?+ S0t @E ro = =i+ 2] + —K.

-

Jd do

Vi du 1.1. Tinh dién tich ciia mat cau x> + > + z> = R>.
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1. Tich phdn mat loai 1 145

x = Rsinfcos ¢,
[Loi giai] Mat cau S ¢6 phuong trinh tham sb trong toa d6 cau la y = Rsinfsin g,

z = Rcos 8.
Do do,

- - 7

i j k
rg/\N7p = | Rcosfcosp Rcosfsing —Rsind
—Rsinfsing Rsinbcos ¢ 0

— R%sin% 6 cos ¢.i + R%sin® § sin qo.]_"—i— R?sin 0 cos 0.k.

Vi vay, |rg Ary| = R?sin6 va

27 T
S = /dq)/Rz sin 0d0 = 4R
0 0

Trudng hop diic biét, néu mit cong cho béi phuong trinh z = z(x, y) thi
re Aty = (=24, =z, 1).

Do do,

S = /\/1 + (24)* + (z)?dxdy.
D
1.2 Bai toan dan dén tich phan mat loai I
Cho mét cong S tron, cho béi phuong trinh tham sb
r(u,v) = x(u,0)i+y(t).j+z(t)k (u,0) € D C R?

Hon nita, gia st trén S c6 phan phdi mot khoi luong vat chat véi mat do (hay ti trong bé
mat) tai diém (x,y,z) 12 p(x, v, z), trong d6 p(x, v, z 1a mot ham s6 lién tuc trén S. Hay tinh
khéi lugng mat S.

[Loi giai] Tuong tu nhu cach tinh dién tich mat S, ta chia mién D thanh céc mién con
bang cac dudng song song véi cac truc toa do trong mit phang Ouv. Khi d6 mat S dudce
chia thanh cac mat con S;; va dién tich cua n6 duge xap xi béi

S(Sij) = |ru A ro| Audro.

Do tinh lién tuc ciia p, néu ta chia mién D thanh cédc mién kha nhé thi mién S;; ciing khé
nho va ta ’coi ham p khéong d6i trén S;; va bang p(x(u;-",U;F),y(uj,vj*),z(uf,v;‘)) = p(Pl?;).
Khi d6 khoi lugng cta S;; 1a

m(Si;) ~ p(Py)[ru A ro| Aulv
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146 Chuong 5. Tich phdn mat

0 i

Khoi luong ctia toan bo mat S 1a

p(Pjj)|ru Aro|Aulo

Ms

)~y

i=1j

Il
—_

DPay chinh 1a tong Riemann cta tich phan kép //f(x(u,v),y(u,v),z(u,v))\ru A 1y|dudo.
Piéu nay dan dén dinh nghia sau day.
Dinh nghia 5.10. Cho mét cong S tron, cho bdi phuong trinh tham s6

r(u,v) = x(u,0)i+y(t).j+z(t)k (u,0) € DCR?

va f 1a mot ham s6 xdc dinh trén S. Néu tén tai tich phan

/f(x(u,v),y(u,v),z(u,v)) |7 A 1y|dudo
D
thi ta goi gid tri cia tich phan nay Ia tich phan mat loai I cia ham f 14y trén S va ki hiéu
la
/ f(x,y,z)dS
S

Ngoai ra, nguvi ta c6 thé dinh nghia tich phan mét loai I nhu sau:

Pinh nghia 5.11. Cho ham s6 f(x,y,z) xdc dinh trén mét cong S. Chia mét cong S thanh

n mat nhé ASy,AS,, ..., AS,. Trén méi AS; 1ay mét diém M; bat ki. Gidi han, néu co, cia
n

Y. f(M;)AS; khin — co va max d(AS;) — 0 khong phu thudc vao cach chia mat cong S va

i=1 <isn

cach chon cac diém M; duogc goi 1a tich phan mét loai I ciia ham sé f(M) trén mdt cong S,

ki hiéu la
[ fxw.2)ds
S
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1.3 Cac cong thuc tinh tich phan mat loai I
Mit S cho béi phuwong trinh tham s

Néu mit S cho béi phuong trinh tham sb6

— — —

r(u,v) = x(u,0).i +y(u,v).j+z(u,v)k (u,0) € D CR?
thi
//f(x,y,z)dS = /f(x(u,v),y(u,v),z(u,v))|ru A 1p|dudo.

S D

Mat S cho béi phuong trinh z = z(x, y)

Néu mit S dudc cho béi phuong trinh z = z(x,y), (x,y) € D C R2?, thi d6 né c6 mot
xX=1u,
tham s6 héa tu nhién 1a Yy =0,
z = z(u,v).

Khi d6, r, = (1,0,2,),7, = (0,1,2)) va do d6, véc to phap tuyén ctia mét cong S tai P 1a

ij ok
tu Nty =11 0 z =(—Z;,—Z§ﬂ1)=(—Z;cr_zlyf1)-
01 z

Vay |ry Ary| = \/1 + (24)% + (). Ngoai ra, mién x4c dinh cta (u,v) chinh 1a hinh chiéu
cta S 1én mat phang Oxy. Do dé

[ rw2as = | fxy 21+ G+ (@)dxdy.
S D

1.4 Bai tap

Bai tap 5.1. Tinh // (z +2x + %’) dS trong do
S

S:{(x,y,z)|§+%+z:1,x>O,y>O,z>O}.
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148 Chuong 5. Tich phdn mat

Hinh

Loi gidi. Ta c6 hinh chiéu ctia mét S 1én mat phang Oxy 1a

D={(x,y)|g+%<1,x>o,y>o}:{(x,y)|0<x<2,0<y<3(1—g)}.

e,
Mit khéc z = 4(1 — P =dS = \/T+ p2 1 (Pdxdy = Yldxdy nén
q

NI
|
ors
4
—

3

-
:/D/[4(1—§—%)+2x+%y}@d _go/ 0/ _

Bai tap 5.2. T1’nb/(x2+y2) ds, S={(x,y,2) |z =2 +120<z <1},
S

UL\ U S -

=

Hinh 5.2
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149

Loi gidi. Ta c6 hinh chiéu ctia mét cong 1én mét phang Oxy 1a D = {(x,y) Ix2+y2 < 1}.

=z =2x
Mit khéc, z = x? + y?= P ,x nén
q=z,=2y

I= // <x2+ y2) 1+ 432 + dy2dxdy,
D

y X = 7COS @
dat =0<¢<21,0<r<1
y=rsing
27 1
[ = /dgo/rzx/1—|—4r2rdr
0 0
1
_ g/rzx/l—i—élrzd (1+4?)

4/ \/_dt détt:1+4r2>

zof
16 3 15

Bai tap 5.3. Tinh tich phdn mat / x?y?zdS, trong do S la phan mat non z = /x> +y2 ¢

dudi mét phangz = 1.

, 4 >
[Pap so] I = %.
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§2. TICH PHAN MAT LOAI II

2.1 Pinh huéng mat cong

Cho mét cong S tron, cho béi phuong trinh tham sb

- g T

r(u,0) = x(u,0).i +y(u,v).j+z(u,0)k (u4,0) € DC R

Nhu da biét, véc to phap tuyén don vi ctia S tai diém P chinh quy la 7i; = 24§ d6

[runrs|]?
ox-» dy-» 0z 0x-» Jy- 0z
= —i+ =]+ —k, = —i+ 2]+ —k.
et T TR T T
Tai mbi diém P chinh quy cia mét cong S ¢6 hai vectd phap tuyén don vi 1a 711 va i, = —7iy.

Gia stt Py € S va L 1a mot dudng cong kin nam trén S va di qua Py. Chon 7i(Py) 12 mét véc
to phap tuyén don vi ctia mét S tai Py. Khi P di chuyén doc theo dudng cong kin L tit P,
va quay tré vé Py thi véc to #i(P) cling bién thién lién tuc, va khi P tré vé P, thi #(P) trd
thanh #'(Py). C6 hai kha nang xay ra

e ii'(Py) = i#i(Py), tic 13, phap tuyén tré lai nhu cii. Khi d6 ta néi mit S dinh huéng
dudc (hay con goi la mat hai phia).
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2. Tich phdn mat loai 11 151

e Ngudc lai, 7/ (Py) = —ii(D), tic 1, phap tuyén tré vé vi tri cii thi d6i huéng. Khi
do6 ta noi mat S goi la khong dinh huéng dudce (hay con goi la mat mot phia). Vi du
nhu 14 Mobius sau day (dudc mang tén nha toan hoc nguoi Pic August Ferdinand
Mobius).

Néu mit S dinh huéng dude thi ta chon moét huéng lam huéng duong va hudéng con lai
dudc goi la huéng am.

2.2 Bai toan din dén tich phan mat loai IT

Gia st c¢6 mot mét cong hai phia dude nhiing vao mét moéi trudng chat 16ng dang chay
v6i mat do p(x,y,z) va toc do v(x,y,z) = (v1(x,y,2),v2(x,y,2),v3(x,y,z). Hay tinh lugng
chat 1ong chay qua S trong mét don vi thdi gian.

Ta chia mat S thanh cac thanh phan nhé Sij nhu hinh vé trén. Néu chia mit cong dt nhé
thi ta coi S;; nhu mat phang va khéi lugng chit 16ng trén mot don vi dién tich 1a F = oo
coi nhu hing sb trén Sij- Do do, ta co thé xap xi khoéi lugng ctia chat 16ng chay qua Sij theo
huéng véc to phap tuyén don vi 7 trén mot don vi thoi gian béi

(F.#)S(Si).
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152 Chuong 5. Tich phdn mat

Luong chat 16ng chay qua S trén mét don vi thoi gian 1a
m

f Y " (F.)S(Si).

i=1j=1

Néu chia mat cong S cang nhé thi tong trén chinh 14 tong Riemann cta tich phan kép sau

/f.ﬁds = //(Pcosoc—i—Qcos,B—l—Rcosy)dS,
S S

6d6 F = (P(x,v,2),Q(x,y,2), R(x,y,2)) va 7 = (cos &, cos B, cos ).
DPinh nghia 5.12. Cho mét cong S tron, dinh hudng duoc, cho bdi phuong trinh tham s
r(u,v) = x(u,0).i+y(t).j+z(t)k (u,0) € D C R

vaii = (cosa,cosf,cosy) la véc to phdp tuyén don vi tai M(x,y,z) theo hudng duong da
chon cua S. Gia st

F=(P(x,y,2),Q(xy2),R(xy2), (xyz) €S

la mot ham véc to xdc dinh trén S. Néu ton tai tich phan mat loai I

//(Pcosoc-l—Qcos,B—l—Rcos'y)dS
S

thi gid tri do duoc goi la tich phan mét loai II ctia ham véc to E 14y theo hudng dd chon
cua mat S va ki hiéu la
/ Pdydz + Qdzdx + Rdxdy.
S

Ngudi ta ciing c6 thé dinh nghia tich phan mat loai II theo cach sau.

Dinh nghia 5.18. Cho mét mét cong dinh hudngS trong miénV C R3 van = (cosa, cos f8,cos )
1a véctd phap tuyén don vi theo hudng duong da chon cia S tai diém M(x,v,z). Gia truong
vectd F (M) = (P(M),Q(M),R(M)) bién thién lién tuc trén V, nghia la cdc toa do
P(M),Q(M),R (M) ctia né la nhifng ham s6 lién tuc trén V. Chia m&t S thanh n mt

cong nhd, goi tén va ca dién tich cia ching Ian Iuogt Ia AS1,AS,, ..., AS,. Trén méi AS; 14y

mét diém M; bat ki va goi vecto phdp tuyén don vi theo hudng duong da chon ciia no Ia

n; = (cos a;j, cos B, cos ;).

> > n . N

Gidi han, néu co, cua tong Y [P (M;)cosa; + Q (M;) cos B; + R (M;) cos 7;]AS; duge goi la
i=1

tich phan mét loai II ctia cac ham s6 P (x,y,z),Q (x,v,2), R (x,v,z) trén mét S, va dudc ki

hiéu la:
// P(x,y,z)dydz + Q(x,y,z)dzdx + R(x,y, z)dxdy.
S
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2.3 Cac cong thuc tinh tich phan mat loai I
Mit cong cho béi phuong trinh tham sé
Néu miét cong S tron, cho béi phuong trinh tham sb
r(u,v) = x(u,0).i +y(u,0).j+z(u,0).k (u,0) € D C R
thi mét véc to phap tuyén cta S tai diém P chinh quy1a N = r, Ar, = (A, B,C).

e Néu véc to nay cung phuong cung hudng véi 7, tic 1a, huéng theo phia da chon cta
mat thi
A
VA2 B2+ C?

B
VAZ B2+ 2
C

VAZ+ B2+ C?
dS =+/ A2 + B2 4+ C?dudv

nén ta di dén cong thic tinh tich phan mat loai II sau

cosx =

cosf =

Ccosy =

/ Pdydz + Qdzdx + Rdxdy = // (AP + BQ + CR)dudo.
S D

e Néuvécto N = r, Ar, = (A,B,C) cung phuong, ngudc hudng véi 7, tic 12, ngudc
huéng voéi phia da chon ctia S thi
A

VAZ+ B2+ C%
B

VAZ + B2+ Y
C

VAZ+ B2+ C?

cosa = —

cosf = —

cosy = —

Do do,
// Pdydz + Qdzdx + Rdxdy = — // (AP + BQ + CR)dudo.
S D

Mat cong cho bdi phudng trinh f(x,y,z) =0

I— // Pdydz + // Qdzdx + // Rdxdy.
S S S

Il I I3

Gia su
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Nguoi ta tinh tich phan mat loai II bang cach dua vé tich phan kép. Chang han xét tich
phan I3. Gia st mat S ¢6 phuong trinh z = z(x,y), z(x,y) cung véi cac dao ham riéng
cia ching lién tuc trén mién D la hinh chiéu cta S 1én miat phang Oxy. Khi do, véc to
N =rcA ry = (=24, —z’y, 1). Véc to N nay lap véi Oz mét gée nhon (Tai sao) Do dé, dé
thuan 10i cho viéc xdc dinh xem N cing hudng hay ngude huéng véi 7, ngudi ta xét géc
gita 71 va Oz.

e Néu vecto phap tuyén don vi theo huéng duong 7w tao v6i Oz mot géc nhon thi

/S/Rdxdy = /S/(AP + BQ + CR)dxdy = ZR (x,y,z (x,y)) dxdy

e Néu vectd phap tuyén don vi theo huéng duong 7w tao v6i Oz mot goc tu thi

/Rdxdy = —//R(x,y,z(x,y))dxdy
S D

Tich phan I;, I, dudc dua vé tich phan kép mét cach tuong tu.

Bai tap
Bai tap 5.4. Tinh //z (x2 + y?) dxdy, trong do S la nita mat cau x> +y* + 22 = 1,z > 0,
s

hudng cia S 1a phia ngoai mét cau.

Loi gidi. Ta c6 mit z = /1 — x2 — y2, hinh chiéu cia S 1én mat phang Oxy 1a mién D :

Wvi Nk = (-2, —2,1).(0,0,1) = 1 = |N|.k|.cos(N, Oz) = cos(N,0z) > 0 = (N, 0z) <

NIN
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2. Tich phdn mat loai 11 155

x?>+y? <1, hon nita 7w tao v6i Oz mot goc nhon nén:

I://\/l—xz—y2 <x2—|—y2) dxdy
D

y X =71Cos ¢
dat =0<¢<27,0<r<1
y=rsing .

27 1
:/d(p/\/l—r2r3dr
0 0

_47‘(
157

Bai tap 5.5. Tinh /ydxdz + z2dxdy trong do S la phia ngoai mét x> + yzz +22=1,x>
S

0,y=>0,z=>0.

Hinh

Loi gigi. Tinh I, — / ydxdz.
S

e Mat S:y=2v1—x2—z2
e Hinh chiéu ctia S 1én Oxz la ] hinh tron, Dy : x2 +22 < 1,x > 0,z > 0.

e B = (7,0y la géc nhon.
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156 Chuong 5. Tich phdn mat

Do do

I = //2\/1 — x2 — Z22dxdz
Dy

., | x=rcos¢ T
dat =0<¢p< ,0<r<1
z=rsing 2

d(p/Z\/l — r2rdr

W[y O\N\:l

Tinh I, = //zzdxdy.
S
2

e MatS:z22=1-x>- 4%
2 2
e Hinh chiéu ctia S 1én Oxz 1a 1 elip, Dy : 22 + 4 < 1,x > 0,y > 0.

e v = (7,0z la géc nhon.

Do dé
2
I=/1—x2—yzdxdy
D,
dat T reose :>0§go§z,0§r§1,]=—27
y=2rsing 2
7 1
:/dq)/l—r )2rdr
0 0
-
4
VeflyI:%T. [

Bai tap 5.6. Tinh // x?y*zdxdy trong do S la mét trén cia nita mat cau x> + y*> + 2> =
R?,z <0.
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~ o/ y

|
|
)
|
Hinh

Loi giai. Ta co:
e MatS:z=—/R%2—x2—y?
e Hinh chiéu ctia S 1én Oxy 14 hinh tron, D : x? +y? < R2.
e f= (7,02) la géc nhon.

Do do

[=— //nyZ\/RZ — x2 — y2dxdy
D

. X = 1COS @
dat =>0<¢9<27,0<r<R,J=-—r
y=rsing

21 R
I= /dqo/sin2 ¢ cos® p\/R2 — 12 dr
0 0

2R
105"

2.4 Cong thuc Ostrogradsky

Gia st P, Q, R 1a cac ham kha vi, lién tuc trén mién bi chin, do dudc trong V ¢ R3. V
giéi han béi mat cong kin S tron hay tron tung manh, khi dé:

B oP 0Q IR
// Pdydz + Qdzdx + Rdxdy = /// (a vt g) dxdydz,
S 1%

trong d6 tich phan § vé trai lay theo huéng phap tuyén ngoai.

Chu y:
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e Néu tich phan 6 vé trai l1ay theo huéng phap tuyén trong thi

B oP 0Q OR
/S/dedz + Qdzdx + Rdxdy = — @ (a + N + g) dxdydz.

e Néu mit cong S khong kin, ¢6 thé bs sung thanh mét cong S’ kin dé ap dung cong
thiic Ostrogradsky, roi trit di phan bé sung.
Bai tap 5.7. Tinh // xdydz + ydzdx + zdxdy trong do S la phia ngoai cua mat cau x2 +
s

yz + 22 = 4%

w (x,y,2)

X Hinh 5.7

Loi gigi. Ap dung cong thic Ostrogradsky ta c6
j xdydz + ydzdx + zdxdy = // 3dxdydz = 3V = 4ma®.
S 1%
Bai tap 5.8. Tinh // x3dydz + y3dzdx + z3dxdy trong do S la phia ngoai clia mat cau x> +
S
2+ 22 = R2
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Loi gigi. Xem hinh vé ap dung coéng thic Ostrogradsky ta co:

I = ///3 (xz + %+ zz) dxdydz
4

x = rsinf cos ¢ 0<¢p <21
dat { y =rsinfsing =40<60<n ,] = —r*sinf
z =rcosf 0<r<R [ |
R

27 T
Iz3/dgo/d6/r4sin0dr
0

0 0
127tR°
5

Bai tap 5.9. Tinh // y2zdxdy + xzdydz + x*ydxdz trong do S la phia ngoai ctia mién x <
S

0,y<0,x*+y*<1z<x*+y%

4
—————— = —
/’/’ //" \\\\
e
( / ,II \
Yo | 1]
N I I /
\ Te— /
\ | I 7
\ \ | ] | /
\ \ P! /
\\ \ L | 7
N R S
o7 N \\ v il T~
4 \\Oll/ < > y

Hinh
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Loi gigi. Ap dung cong thitc Ostrogradsky ta cé:

I = ﬁ <y2 +z+ x2> dxdydz

14
X =71Cos @ 0<9p< 7
dat Jy=rsing =40<r<1 ,J=-r
z=1z 0<z<r? ]

2

d(p/ldr/ <r2+z> rdr
0 0

°°_| N S~

Bai tap 5.10. Tinh / xdydz + ydzdx 4 zdxdy trong do S la phia ngoai cua mién (z — 1)2 <
S

x> +y?,a<z<1,a>0.,

z
W
o R | | y
a—1 O 1—a
X
Hinh 5.70I

Loi giai. Ap dung cong thic Ostrogradsky ta co:

= // 3dxdydz = 3V = 3.%Bh —7(1—a).
1%

2.5 Cong thuc Stokes

Gia st S la mat hai phia, don va tron c6 bién gidi la duong cong kin L. Gia su 7 la
huéng dudng ctia phap tuyén cta S. Khi d6, ta xac dinh huéng duong trén bién giéi L cta
mat S 14 huéng sao cho, mot ngudi diing thang theo huéng phap tuyén 7, di theo huéng d6
thi thiy phan ctia mét & gan ngudi dé nhat nam 6 phia tay trai.
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Dinh ly 5.18 (Pinh ly Stokes). Gid sizS la mét mat cong tron, co bién dS la mét duong
cong tron. Gig thiét P, Q, R la cac ham sé lién tuc va co dao ham riéng lién tuc trong mot
tap md nao do chita S. Khi do

(R 3Q P AR 90 ap
a/de+Qdy+Rdz—/S/(@ az>dydz+(az az)dzdx+(ax ay)dxdy,
S

trong do tich phan duong J vé trai Iy theo hudng duong ciia dS phu hop vdi hudng duong
cua matS.

2.6 Cong thuc lién hé giua tich phan mat loai I va loai
II

[P(x,y,z)cosa + Q(x,y,z) cos B+ R(x,y,z) cosy] dS
(5.1)

P(x,y,z)dydz + Q(x,y,z)dzdx + R(x,y, z)dxdy,

m\ m§

trong dé cos &, cos B, cos 7y 1a cosin chi phuong ctia vécto phap tuyén don vi ciia mat S.

Bai tap 5.11. Goi S la phan mét cau x*> + y*> + z> = 1 nam trong mat tru x> + x + 2> =
0,y > 0, hudng S phia ngoai. Chung minh rdng

//(X —y)dxdy + (y — z)dydz + (z — x)dxdz = 0.
S
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162 Chuong 5. Tich phdn mat

Hinh 5.17]

Loi gidi. Ta ¢6 y = /1 — x2 — 2 nén vécto phap tuyén ciia S 1a 7 = +(—v,,1,—y.). Vi
(7,0y) < 7 nén

7:(—}/1—]/):( * 1 z )
v VI—aZ =22 "1 a2 22
.= 2 2 A
Dodo | 7| = \/—1_;2_22 +1+ 1_;2_22 = \/1_12_22. Vay
(coszx:cos(ﬁ,Ox) :%zx
1
cosﬁzcos(ﬁ,Oy) = % =y ]
1
cosy = cos(7,0z) = %:z
\ 1

Ap dung cong thic lién hé giita tich phan mat loai I va II B.1ta c6

I= /[(x—y)cosv—k(y—z)cos,BJr(z—x)coszx]dS
S

— [[c=pz+ (y—2)x+ (= x)yds
S

= 0.
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2. Tich phdn mat loai 11 163

Bai tap 5.12. Tinh tich phan mat loai IT

I = // xdydz + ydzdx + zdxdy,
S

trong do S 1a phia ngoai mét cau x* + y? + z> = a°.

[Pap s6] I = 4ma’.

Bai tap 5.13. Tinh tich phan mat // ydzdx, trong do S la phia ngoai cia mat paraboloid
S

z=x>+y* (0<z<2).

[Pap s6] I = 27.
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C*uﬂjNGJE;

LY THUYET TRUONG

§1. TRUONG VO HUONG

1.1 Pinh nghia
DPinh nghia 6.14. Cho Q) Ia mét tap con md ciia R® (hodc R?). Mot ham sé
u:0—NR
(x,y,z) — u=u(x,y,z)
duoc goi la moét truong vo hudng xac dinh trén Q).

Choc € R,khidomat S = {(x,y,z) € Q|u(x,y,z) = c} dudc goi la mat mic ing vdi gia tri
¢ (dang tri).

1.2 Pao ham theo hudng

Dinh nghia E§15' Chou = u(x,y,z) la mdt trudng vé hudng xac dinh trén Q) va My(xo, yo, z0) €
Q. Giz thiét | = (a,b,c) 1a mét vécto don vi bat ki trong R3. Gidi han (néu co) ciia ti s6

—

lim M = lim u(XO + ta’yo + tb/ZO + tC) - U(XO, Yo, Zo)
t—0 t t—0 t

(6.1)

%
duoc goi la dao ham theo hudng | tai M, cua truong vo hudng u va duodc ki hiéu la

ou
(Mp).
Py

Chu y:
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166 Chuong 6. Ly thuyét truong

e Néu I khong phai 1a vée té don vi thi giéi han trong cong thic c6 thé dudc thay
bang
lim u(xo + tcosw, yo + t cos B,zo + t cosy) — u(xo, Yo, 20)
t—0 t

_>
trong d6 cos &, cos B, cos?y la cac cosin chi phuong caa [ .
I
e Néu [ 11 Ox thi ;—%(MO) = 94(M).
— ” ° N A N <A
e Dao ham theo huéng [ tai diem M, cta trubrg vo huéng u thé hién toc do bien
thién cta truong vo hudng u tai M, theo huéng I .

E}inh ly 6.19. Néuu = u(x,y,z) kha vi tai M(xo, o, z0) thi noé cé dao ham theo moi hudng
I #0 tai My va

ou ou ou ou
ﬁ(Mo) = a(Mg). cos o + @(Mo). cos B+ 8_Z(MO)' cos 7, (6.2)

trong do cos w, cos B, cosy la cac cosin chi phuong cua ?

Loi gigi. Gia st cosa = a,cos B = b,cosy = c. Xét ham s6 mot biét sb
g(t) = u(xp +ta, yo + tb,zo + tc).

Khi d6, theo dinh nghia,

g,(o) — lim g(t) — g(O) — lim u(xo + ta, yo + th,zo + tC) — u(xo,yo,zo) _ a_li(MO)
t—0 t t—0 t ol

Mt khac, ¢(t) c6 thé viét duéi dang g(t) = u(x,y,z), 6 d6 x = xo +ta,y = yo +th,z =
zop + tc. Vi vay, theo cong thitc dao ham cta ham hgp,
ouox oudy 0uodz
/ — ——_— — — — —
$0) = 5%an T ayon "oz an
Thay t = 0 vao phuong trinh trén, ta c6 x = xo,y = yo,z = z0, va
ou

E(Mo) = le(Mo).El + ley(M()).b + MZ(Mo).C.

=uy(x,y,z).a+ uy(x,y,z).b +uz(x,y,z).c

1.3 Gradient

Pinh nghia 6.16. Chou(x,y,z) la truong vo hudng co cac dao ham riéng tai My(xo, Yo, zo)-
Nguoi ta goi gradient cua u tai M la vécto

(G (), 5 o), 51 ) )

—
va dugc ki hiéu la gradu(My).
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DPinh 1y 6.20. Néu truong vé hudng u(x,y,z) kha vi tai M thi tai do ta co

E;—L{,(MO) = gradu.l

s, 2, a 2 LN A A <A . A 3 N A 2 . 2 7
Chu y: a—?,(MO) thé hién toc do bien thién caa truong vo huéng u tai My theo huéng [.

L L s
Tit cong thic z—;‘,(MO) — gradul = ‘gradu‘ (z‘ .cos (gradu, ) ta e dat gia tri 1én

ou
— (M
al( 0)

z N H —)| 2 - % .
nhat bang ‘gradu‘ ‘l ‘ neu / ¢c6 cung phuong véi grad u. Cu thé

e Theo hudng I truong vo huéng 1 tang nhanh nhat tai My néu Ie6 cung phuong, cung
huéng véi grad u.

e Theo hudéng I, truong vé6 huéng u giam nhanh nhéat tai M, néu I 6 cung phuong,
ngudc hudéng véi grad u.

1.4 Bai tap

— —
Bai tip 6.1. Tinh dao ham theo huéng | cia u = x% +2y° — 32 tai A(2,0,1), [ =

AB,B(1,2,-1).
Ldi gidi. Ta ¢6 AB = (—1,2,—2) nén
e | ou _ , du B
COS(X—@ﬂ— 3, ax—?)x :>ax(A)—12
2 2 ou , . 0u
= = — _— = P A =
COS‘B @—’ 3, ay 6]/ = ax( ) 0
-2 -2 ou 5 ou
fr—y = — _— = — _ A —
COS 7y @ 3 , 92 9z° = ax( ) 9 |
Ap dung cong thic[6.2ta ¢6
ou -1 2 -2
A)=12.— + 0.2 —9).— =2
ﬁ( ) 3 793 +(-9) 3

—
Bai tap 6.2. Tinh moéndun cta gradu véi u = x° + y® + 2% — 3xyz tai A(2,1,1). Khi nao thi
gradu 1 Oz, khi nao gradu = 0.
Loi giai. Ta co
— (au ou du
gradu =

2%y’ az> (8x” = 3yz, 3y~ — 3zx,3z° — 3xy)

— —
nén gradu = (9, -3, —3) va ‘ gradu) = /92 132432 =311
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168 Chuong 6. Ly thuyét truong

ey e T
. graduJ_Oz@<gradu, k>:0(:>g—Z:0(:>22:xy

x? =yz
—
egradu=0& 1y’ =2zx Sx=y=z »
z22 = xy

—
Bai tap 6.3. Tinh gradu véiu =12+ 1 +Inrvar=/x2+y2 + 2%

Bai tap 6.4. Theo huéng nao thi su bién thién ctia ham sb u = xsinz — y cos z tit gbc toa
do 0(0,0) 12 16n nhat?

Loi gidi. Tu cong thic E;—LZ[,(O) = ﬁu.fz )ﬁlu‘ m .Cos (gr?iu, T) ta co

0
a—;‘,(O)' dat gia
2 < —_— - 2 — R —
tri 16n nhat bang ‘gradu‘ ‘l ‘ néu ! ¢6 cung phuong véi gradu(O) = (0, —1,0). ]
Sspn . L n G TR L
Bai tap 6.5. Tinh géc gitta hai vécto gradz cua cac ham z = \/x%2 + y2,z = x — 3y + /3xy
tai M(3,4).

Loi giai. Ta co

— —
e gradz, = <\/x2+y \/szry ) nén gradz; (M) = <%,%)

. aizz = < }/\;, -3+ %) nén tcai@(M) = (2,—3). Vay n
<£121, gradzz> 12
cosa = ! =

‘grac/izl ‘ : ‘gradzz ‘ 51145
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2. Truong vécto 169

§2. TRUONG VECTO

2.1 Pinh nghia
Cho Q 12 mét mién mé trong R3. Mot ham vécto
? 0> R
M F = ?(M),

trong do R . R
F=EM)T +FM)} +EM)k

2.2 Thong luong, dive, trusng o6ng

a. Thong lugng: Cho S 1a mot mat dinh huéng va ? la mot truong vécto. Pai lugng

o= / Fodydz + Fydzdx + Fudxdy 6.3)
S

dudc goi la thong ludng cua ? di qua mat cong S.

b. Dive: Cho ? 12 mot trudng vécto c6 thanh phan Fy, F,, F; 1a cac ham s6 ¢6 dao ham
riéng ciAp mét thi téng % + aa_l;y + %i; dudc goi la dive cua truong vécto ? va ki hiéu
ladiv F.

c. Truong vécto T xac dinh trén Q dudc goi 14 mét trudng dng néu div ?(M) = 0 véi

moi M € Q).
Tinh chat: Néu F la mot trudng ong thi thong luong di vao bang thong luong di ra.

2.3 Hoan luu, vécto xoay

a. Hoan luu: Cho € la mét dudng cong (c6 thé kin hodc khong kin) trong khong gian.
Pai luong
| Fex + Fydy + F.dz 6.4)
e

dudc goi 1a hoan luu caa ? doc theo dudng cong C.

b. Vécto xoay: Vécto

- = =
i ]k
ST ._ |2 o2 2
rot? =lax W =
F, F, E

dudc goi la vécto xoay (hay vécto rota) ctia truong vécto ?

169



170 Chuong 6. Ly thuyét truong

2.4 Truong theé - ham theé vi
Truong vécto ? dudc goi 1a truong thé (trén Q) néu ton tai trudng vo huéng u sao cho
gradu = F (trén Q). Khi d6 ham u dudc goi 12 ham thé vi.

DPinh 1y 6.21. Diéu kién can va dii dé trudng vécto T = ?(M) 14 mét truong thé (trén
Q) latot E (M) = 0 vdi moi M € Q.

Chu y: Néu T 12 truong thé thi ham thé vi u dude tinh theo cong thiic

X y z
U= /Fx(x,yo,zo)dx+/Fy(x,y,zo)dy+/Fz(x,y,z)dz+C (6.5)
X0 Yo 20

2.5 Bai tap

Bai tap 6.6. Trong céc trudng sau, truong nao 1a trudng thé?
a. @ =5(x2— 4:xy)7> + (3x% — 2y)7> %
b. @ = yz? + xz7> + xy?.

c. @ = (x—l—y)?—l— (x—l-z)?—l— (z—l—x)?.

Loi giai. a. Taco

N 2 2l |a a2 2
rota = (|% 92|,|% 9| [9x | ) — (0,0,6x —20y) £ 0
Q R|'|IR P|'|P Q

nén truong da cho khéong phai 1a trusng thé.

b. Ngoai cach tinh 7ot @, sinh vién c6 thé dé dang nhan thay ton tai ham thé vi u = xyz
nén 7 13 truong thé.

c. Tacod
9 9d| |0 9| |9 9
rotd = ([ %, oz ax 1% ) = (0,0,0)
Q R|'|IR P|'|P Q

nén 7 1a trudng thé. Ham thé vi dugc tinh theo cong thiic 6.5

X y Z
U= /Fx(t,yo,zo)dt+/Fy(x,t,zo)dt+/Fz(x,y,t)dt+C
X0 Yo 20

X y z
:/tdt+/(x+0)dt+/(t+y)dt+c
0 0 0

x? z2

:?+xy+§+yz+c
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R — R
Bai tap 6.7. Cho ? = xz>i +2j +2zy? k. Tinh thong luong cta ? qua mat cau S :
x? + y? + z2 = 1 hudng ra ngoai.

Loi gidi. Theo cong thic tinh thong luong[6.3] ta c6

P = // xz?dydz + yx*dxdz + zy*dxdy
S

Ap dung cong thitc Ostrogradsky ta c6

_ 2.2, .2
¢ //‘Z(x +y° + z°)dxdydz

Thuc hién phép doi bién trong toa do cau

x = rsinf cos ¢ 0<p<2nm
y=rsinfsing ,40<60<m ,] = —r*sinf
z =rcosb 0<r<1
ta co
27 T 1
P = /d(p/d@/rz.rzsiné)dr: 4%
0 0 0

- — — )
Bai tap 6.8. Cho F = x(y+z)i +y(z+x)j +z(x+y)k vaL la giao tuyén ctia mat
tru x> + y? +y = 0 va nfta mat cau x? + y> + z%> = 2,z > 0. Chitng minh rang Iuu s6 ciia F
doc theo L bang 0.

Loi gidi. Theo cong thic tinh luu sb

I= fx(y-i—z)dx +y(z+x)dy +z(x + y)dz
L

Ap dung cong thic Stokes ta c6

> = 2 2 % >
1:// V| dydz 4 |2 % | dzdx + [ W | dxd
SQRy R P p o™

— //(z —y)dydz + (x — z)dzdx + (y — x)dxdy
S

= 0 (theo bai tap 5.11). m
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